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Abstract

Traditionally, wettability has been considered key in predicting the nature of two-phase flow

through porous media. In this thesis, the local geometry is shown to also have a significant

impact, and the interaction between geometry and wettability is studied using a variety of

modelling approaches.

First, quasi 2D approximations of interfacial curvature, present in current pore-network

models, are extended to three dimensions. The new expressions for threshold capillary

pressure are calibrated using high-resolution direct numerical simulations. The effects of

pore-space expansion and sagittal interface curvature on displacement are quantified and

shown to be a key step in improving network model accuracy. The extended network model

predictions for relative permeability and capillary pressure agree well with experiments for a

water-wet Bentheimer sandstone, demonstrating that the inclusion of 3D interfacial curvature

leads to more accurate predictions.

Next, the extended network model predictions are compared to lattice-Boltzmann simulations

for two synthetic geometries with varying wettabilities. Macroscopic capillary pressures

between the two models, and with experiments, agree at intermediate saturations but differ

at the end-points. Direct methods at readily accessible resolutions fail to capture layer flow,

leading to abnormally large initial wetting and residual non-wetting saturations. Pore-by-pore

analysis indicates that the absence of layer flow limits displacement to invasion-percolation

in mixed-wet systems. Network models, which can easily capture layer effects, provide

predictions closer to experimental observations. However, discrepancies persist for mixed-wet

systems due to a limited understanding of mixed-wet displacement.

Finally, the stability and displacement of interfaces in mixed-wet media is addressed. Theo-

retical and numerical considerations reveal that interface stability depends on both the local

geometry and wettability. An explanation is provided for the observed low capillary pressure

displacement in mixed-wet systems, along with an empirical expression predicting threshold

displacement pressure in a 3D geometry with realistic pore-space expansion.
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CHAPTER 1

INTRODUCTION, THEORETICAL BACKGROUND

AND LITERATURE REVIEW

1.1 Overview

Multiple fluid phases flowing simultaneously through a permeable medium is at the heart of

many important applications. For example, safely storing CO2 in the Earth’s subsurface requires

a comprehensive assessment of reservoir fluid behaviour (e.g, Boot-Handford et al., 2014;

Krevor et al., 2015; Alhosani et al., 2020a). The performance of polymer-electrolyte membrane

fuel cells depends, in part, on the ease with which reactant gases and water byproduct can

simultaneously flow through the permeable layers within the cell (e.g, Mukherjee et al., 2011;

Zhang et al., 2021; Okonkwo and Otor, 2021). Even the spread of a contagion within a human

population can be linked — a surgical mask is simply a permeable medium allowing one to

breathe whilst limiting exposure to airborne pathogens (Mittal et al., 2020).

A natural objective for modelling such phenomena is to achieve predictive capability. Given a

porous medium, it is valuable to know exactly how the fluids will displace and arrange within

it, and the implications that this has for the application of interest. For instance, if significant

effort is spent to inject CO2 beneath the surface, will it actually stay there? Or, for media which

can be engineered, how can a medium be designed for optimal performance? Answering these

questions is a complex task which attracts substantial industrial and academic interest. In

general, a description of the displacement of fluids in a medium will depend on scale – in

the example of geologic media, capillary forces will control the movement of fluids at the

micron-scale, while the geological structure as a whole will determine preferential flow paths

at the kilometre scale. This thesis will address the former micron-scale, commonly referred to

as the pore-scale, as it is this scale which is ubiquitous across all applications.
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Conventionally, laboratory experiments were performed to gain an understanding of pore-scale

flow (Keelan, 1972). These experiments are costly, time-consuming and, until recently, did

not provide a clear picture of pore-scale processes; only macroscopic (core-scale) property

measurements were obtained. Recent decades have seen the rapid development of digital rock

physics (DRP) (Blunt et al., 2013; Wildenschild and Sheppard, 2013), which uses micro-CT

scanners, intricate experiments and high-quality image processing to visualise displacements

within the pore space. This has revolutionised understanding of pore-scale flow as it is

now possible to visually observe, down to a time resolution of seconds (Berg et al., 2013),

exactly what is happening in the pore space. However, despite improvements, the experiments

themselves are still arduous and do not provide complete understanding of the most important

parameters.

Another approach, which does allow a full exploration of the parameter space, is to numerically

model fluid flow in the pore space. Many methods have been developed for this purpose,

but common to all approaches is that they rely on an accurate characterisation of the pore-

space geometry and the wettability – the affinity of a solid surface to be in contact with a

particular fluid phase. Here lies the true benefit of DRP: pore-scale imaging can provide

unprecedented characterisation of the pore space to be used in a physically-based numerical

model. In return, the model will provide deeper understanding of pore-scale flow, the ability

to rapidly predict a wide range of systems and inspiration for future experimental work. This

symbiotic relationship is fast becoming an established and fruitful workflow (e.g, Regaieg et al.,

2023), but there is still a wealth of opportunity to improve the physical accuracy of pore-scale

numerical models and understanding of fluid-fluid displacement in complex wetting states.

Given that high quality model inputs exist, the next task is to produce a model which ade-

quately uses these inputs. One approach would simply be to simulate flow directly on the

experimentally acquired images. This is indeed possible, but even with modern resources

it is enormously demanding. Another approach is to pose a model which includes only the

minimum necessary detail needed to be predictive. This approach is known as pore-network

modelling (Fatt, 1956). Fast, simple and highly scalable, pore-network modelling offers

an attractive alternative to more computationally intensive approaches. However, despite

2
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recent advances in pore-scale imaging, network models have remained largely unchanged

since showing early promise near the turn of the century (Øren et al., 1998; Valvatne and

Blunt, 2004). Additionally, their simplified nature raises uncertainty as to what exactly is the

minimum detail needed. As this thesis will show, current network models do not adequately

use the enhanced characterisation of geometry and wettability revealed by new experimental

procedures.

In this thesis, an existing state-of-the-art network model (Raeini et al., 2017, 2018) will

be further developed to explicitly account for geometry and wettability, with an emphasis

on extending two-dimensional conceptualisations to three dimensions and quantifying the

subsequent improvements in predictive capability. A variety of direct numerical approaches

are used to ensure that these developments are accurate and to provide enhanced physical

understanding of wettability and geometry-dependent phenomena. The overall outcome

of the thesis is a network model which has an unprecedented representation of interfacial

curvature, fundamental improvements to the current understanding of pore-scale displacement

by considering both wettability and pore-space geometry, and clear directions for future

research. In the remainder of this chapter, the essential theory needed to achieve these

objectives will be presented, in addition to a review of relevant previous studies and the

central research opportunities.

1.2 Theoretical Background

This thesis considers two fluids, which, unless stated otherwise, are termed phases 1 and 2.

Phase 1 represents the denser phase, typically water. In this section, the pore-scale physics of

immiscible two-phase flow necessary to create a self-contained thesis are presented.

1.2.1 Fundamental Pore-scale Physics

Interfacial Curvature

Before introducing fluid interfaces, the concept of surface curvature must be established.

Consider a differentiable surface in a three-dimensional space, as illustrated in Fig. 1.1. At
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an arbitrary point on the surface, it is possible to define a unit normal vector, n̂, and a

corresponding normal plane which contains the normal vector and a unit tangent vector, t̂,

to the surface. The intersection of the normal plane with the surface is a smooth curve; the

normal curvature is defined as the inverse of the radius of the circle which fits the curve

at the chosen point. Different normal curvatures may arise if the orientation of the normal

plane is changed. The maximum and minimum normal curvatures among all possible normal

planes are termed the principal curvatures, with radii denoted by r1 and r2, and their principal

directions, t̂1 and t̂2, are always orthogonal.

Figure 1.1: An illustration of surface curvature. In the centre, an arbitrary point on a surface
is shown with an associated unit normal vector, n̂. The planes containing n̂ and an arbitrarily
directed unit tangent to the surface, t̂, are termed normal planes. The intersection of a normal
plane with the surface is a smooth curve: the normal curvature is the inverse of the radius of
the circle which fits the curve at the distinguished point. Two orthogonal unit tangent vectors,
t̂1 and t̂2, may be defined, whose normal planes contain the minimum and maximum normal
curvature, shown by the left and right projections in the figure, respectively. These directions
are termed the principal directions and contain the principal radii of curvature, r1 and r2.
Adapted from Crane et al. (2013).

Now consider two immiscible phases in free space, neglecting perturbative effects of gravity.

Intuitively, one phase will form a sphere – common analogues are rain droplets in air or
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oil droplets in water. Qualitatively, this phenomena can be explained by recognising that

interfaces between phases are energetically unfavourable. A measure of the energy associated

with the creation of an interface is the interfacial tension, σ, which represents the energy

per unit area required to break the intermolecular bonds within a single phase and create an

interface. Spheres, which exhibit the smallest surface area per unit volume, represent the

least energy configuration. The curvature of a spherical interface is clear – both principal

radii of curvature are equal to the radius of the sphere itself. However, the radius of the

sphere – or equivalently the radii of curvature – is determined by the fluid pressures: the

sphere will contract until the pressure inside the sphere balances the reduction in radius. A

quantitative relation between the fluid pressures and the interfacial curvature can be achieved

by considering the thermodynamics of the system (de Gennes et al., 2004).

5



CHAPTER 1. INTRODUCTION, THEORETICAL BACKGROUND AND LITERATURE REVIEW

            Phase 1

Phase 2 
- Constant Pressure P2

                    - Pressure P1

System 
- Constant Temperature T
- Constant Volume V- Volume V2

                    -  Volume V1

Interface 
- Interfacial Area A

Figure 1.2: An illustration of two immiscible fluids forming a spherical fluid-fluid interface
with radius R and area A. By considering the total volume and temperature of the system
fixed, and the pressure of phase 2 to be constant, a variational approach can be used to
minimise the Helmholtz free energy of the system. The result is the Young-Laplace equation,
which relates the difference in fluid phase pressures to the mean curvature of the fluid-fluid
interface.

In Fig. 1.2, the total volume (V ) and temperature (T ) of the two-fluid system is constant, and

the pressure of phase 2 is fixed. The objective is to find the shape of the interface in its least

energy configuration, and for simplicity an axisymmetric surface is assumed. The Helmholtz

free energy of a system is given by,

F = U − TS +∑
i

σiAi (1.1)

where U is the internal energy of the system and S is the entropy. The surface energy of

interfaces is given by σiAi, where the summation is over all interfaces present. The internal

energy can further be expressed in terms of the Gibbs free energy, G, which is constant for the
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system in Fig. 1.2 as there will be no change in chemical potential:

U = G + TS − PV. (1.2)

Substituting Eq. 1.2 into Eq. 1.1 and noting that the system has a single interface, F can be

expressed as:

F = σA − PV +G. (1.3)

Recalling that the total volume and the pressure of phase 2 are constant, F can be further

simplified:

F = σA − P1V1 − P2V2 +G

F = σA − P1V1 − P2(V − V1) +G

F = σA + V1(P2 − P1) − P2V +G
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

constants

F = σA +∆PV1 +C,

(1.4)

where C represents all constant terms and ∆P = P2 − P1 is the pressure difference between

the phases.

Evaluating Eq. 1.4 for the spherical two-fluid system in Fig. 1.2, the Helmholtz free energy is

finally given by

F = 4πσ∫
R

0
x (1 + z2x)

1
2 dx + 4π∆P ∫

R

0
xz dx +C, (1.5)

where the first integral represents the energy associated with the area of the interface between

the fluids and the second integral is the energy associated with the volume of phase 1.

To find the least energy configuration, F can be expressed as a functional

F = ∫
R

0
f(x, z, zx) dx, (1.6)

and the necessary condition to minimise F can be obtained through the Euler-Lagrange

equation,
∂f

∂z
−
d

dx
(
∂f

∂zx
) = 0, (1.7)
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where f(x, z, zx) = σx (1 + z2x)
1
2 + ∆Pxz. Substituting f into Eq. 1.7 and simplifying, one

obtains:

∆P = σ
⎛

⎝

zx

x (1 + z2x)
1
2

+
zxx

(1 + z2x)
3
2

⎞

⎠
. (1.8)

This is known as the Young-Laplace equation (Young, 1805; Laplace, 1805), written in differ-

ential form. On the left hand side, the difference in fluid pressures is commonly known as the

capillary pressure and denoted by Pc. On the right, the terms in brackets represent the two

principal curvatures of the interface (Fig. 1.1). In short, for any fluid interface in equilibrium,

the sum of the principal curvatures is directly proportional to the capillary pressure. The

traditional form of the Young-Laplace equation is therefore,

Pc = P2 − P1 = σ (
1

r1
+

1

r2
) = σκ, (1.9)

where κ is termed the total curvature1. In this thesis, the principal radii of curvature are

positive if phase 2 is protruding into phase 1. Note that, in equilibrium, the principal radii

of curvature may vary independently over the interface provided that their sum is equal

everywhere.

Wettability

In the presence of a solid, the affinity of a fluid phase to be in contact with the solid is called

the wettability, and it is defined by the angle of contact between the solid and the fluid-fluid

interfaces. By convention, the contact angle is measured through the densest phase – phase 1

in this thesis. At each solid-fluid and fluid-fluid interface, there exists an associated interfacial

tension, as explained previously. The conventional way to illustrate the contact angle is to

consider interfacial tension as a force, and to perform a horizontal force balance at a point on

the three-phase contact loop (Blunt, 2017).

1In differential geometry literature, the total curvature refers to the sum of the Gaussian curvature – which is
the product of the principal curvatures – over the surface.
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Figure 1.3: Two immiscible fluid phases in contact with a solid surface. A horizontal force
balance at the three phase contact point relates the interfacial tensions of the interfaces, σ, to
the intrinsic contact angle, θi, through the Young equation.

Figure 1.3 shows two phases in contact with a solid, and the associated interfacial tensions

acting at the three-phase contact point. The Young equation relates the tensions via the

intrinsic contact angle:

σs1 = σs2 + σcosθi. (1.10)

From Fig. 1.3, it is obvious that changing the contact angle will change the equilibrium shape,

and hence the interfacial curvature, of the spherical droplet. For any given capillary pressure,

the interfacial curvature of fluid interfaces in the presence of a solid is controlled by the

local wettability and the solid geometry. However, the wettability and geometry are both

scale-dependent properties.

The intrinsic contact angle present in the Young equation represents the contact angle if it

were measured on a smooth surface. In reality, surfaces are not smooth at any scale. At the

pore scale, an effective contact angle is observed, which represents the equivalent angle on a

smooth surface required to produce the same interfacial curvature (Blunt, 2017). Additionally,

surface roughness and chemical heterogeneity cause pinning of the contact loop – there can

be a wide range of effective contact angles, termed hinging angles, at which the interface has

no apparent movement at the pore scale. Displacement only occurs when a critical angle is
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reached; these critical angles are known as the advancing or receding contact angles (Morrow,

1975). This phenomena, along with the directional dependency of the effective angle, is

termed contact angle hysteresis (Fig. 1.4).
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Figure 1.4: An illustration of contact angle hysteresis. At equilibrium, pore-scale observations
reveal an effective contact angle θe. Surface heterogeneities, both physical and chemical, can
cause the interface to remain pinned within a range of effective contact angles, spanning the
advancing and receding contact angles. The interface displaces at these critical advancing and
receding angles.

From the perspective of an invading phase, if the advancing contact angle is less than 90○ the

invading fluid is deemed the wetting phase, while if it is greater than 90○ the invading fluid

is considered non-wetting. Exactly at 90○, there is no preference for either fluid to contact

the solid and the system is termed neutrally wet. It is possible, and indeed common, to

have a wide range of contact angles present in a porous medium (e.g, AlRatrout et al., 2017;

Alhammadi et al., 2017). Media with contact angles both above and below 90○ are termed

mixed-wet, and will be the topic of Chapter 5.

1.2.2 Displacement at the Pore Scale

At rest, fluids will contact a solid at their equilibrium contact angle and the fluid-fluid interface

will adopt a corresponding curvature described by Eq. 1.9. Displacements, however, occur out
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of equilibrium.

a) b)

Figure 1.5: Micromodel experiments showing the characteristic invasion pattern during
drainage (a) and imbibition (b). Drainage tends to create narrow finger-like growths as the
invading fluid rapidly displaces into the largest pathways. Imbibition engenders a flatter
invasion front due to cooperative pore-body filling. Figure adapted from Zhao et al. (2019).

A change in capillary pressure will elicit a change in interfacial curvature until the advancing

or receding contact angle is achieved. At this point, the interface will displace to a new position

of equilibrium. The exact nature of the displacement is dependent upon the wettability of the

system and will be briefly discussed below.

Drainage

Displacement of a wetting phase by a non-wetting phase is termed drainage. Natural analogues

are hydrocarbons seeping from a source rock into a reservoir or CO2 injection into a saline

aquifer. If a cylindrical pore space is assumed, the Young-Laplace equation becomes Pc =

2σ cos θR / r, where r is the inscribed radius of the cylinder and θr is the receding contact angle

of the defending phase. From this, it is clear that the invading fluid pressure will increase with

decreasing r – during drainage, the smallest regions of the pore space offer most resistance to

flow. Once the threshold capillary pressure required to displace through a narrow region has

been achieved, the invading fluid can move rapidly into the subsequent wider regions in a

phenomenon know as a Haines jump (Haines, 1930). Drainage tends to displace into the pore

space in a finger-like fashion (Fig. 1.5a).

Mathematically, displacement during drainage is described by an invasion percolation process
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(Lenormand and Bories, 1980; Wilkinson and Willemsen, 1983): filling proceeds in decreasing

order of size and the leading fluid menisci are always directly connected to the injection side

of the medium. This is distinct from imbibition, in which displacement can occur even when

no apparent connectivity with the inlet is visible.

Imbibition

Displacement of the non-wetting phase by a wetting phase is known as imbibition. Common

examples are water soaking into soil or paper absorbing a spilled liquid. Here, the most

difficult step is filling the largest regions of the pore space which require the smallest capillary

pressure (Blunt, 2017).

The widest regions of the pore space – the pores – tend to be connected to many surrounding

narrower restrictions, called throats. The first major difference between drainage and imbi-

bition arises due to pores limiting displacement: the greater the number of wetting-phase

occupied throats surrounding a pore, the easier it is (greater capillary pressure) to displace

into that pore. This is termed cooperative pore-body filling (Lenormand et al., 1983) and

engenders a relatively flat invasion front (Fig. 1.5b), as opposed to finger-like growths during

drainage.

The second major contrast is that, unlike drainage, it is favourable for the medium to contact

the wetting phase. As a result, the wetting phase is almost always present in the corners

and crevices of the pore space, forming micrometre-thick layers. These wetting layers are

a central theme in chapters 4 and 5. As the wetting phase is injected, layers from adjacent

corners will swell until they meet (Fig. 1.6). Further displacement is not possible without a

local increase in capillary pressure, creating an instability leading to rapid local filling. This is

termed snap-off (Pickell et al., 1966) and it first occurs in the narrowest throats of the pore

space. Snap-off blocks flow paths and can result in significant trapping of the non-wetting

phase.

The critical capillary pressure at which snap-off occurs is often considered a function of only

one radius of curvature (Lenormand et al., 1983). Indeed, Fig. 1.6 explicitly acknowledges

curvature in only one plane, but it is clear from Fig. 1.6a that wetting layers conform to the
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geometry of the solid walls. Thus, axiomatically stating that only one component of curvature

is non-zero is likely incorrect. While some studies have tested this assumption (e.g, Deng et al.,

2014; Raeini et al., 2014), detailed evaluation is needed. A three-dimensional discussion of

the pore space is further developed Section 1.3, and Chapter 3 will provide an analysis of

snap-off curvature.

a)

b)

e)

c) d)

Figure 1.6: Illustrations showing the snap-off process. Wetting layers are almost always
present in the corners of the pore space, shown in (a). An axial cross-section through the
narrowest region – the throat centre – is highlighted in green and shown in (b)-(d). Initially,
the wetting layers reside near the corner vertices (b). An increase in wetting phase pressure
causes the layers to swell until an advancing contact angle (θa) is reached. Further pressure
increase moves the layers toward the centre of the throat until a critical curvature, 1/rcrit,
at which the layers of two neighbouring corners meet (c). This configuration is unstable,
resulting in the rapid filling of the throat (d). Snap-off blocks flow paths and causes significant
trapping in wetting media (e). Adapted from Blunt (2017).

Mathematically, the snap-off process results in imbibition being described by ordinary percola-

tion: filling is in increasing order of size but does not need to be directly connected through

the centre of the pore space.

13



CHAPTER 1. INTRODUCTION, THEORETICAL BACKGROUND AND LITERATURE REVIEW

1.2.3 Relative Permeability

The wettability of the medium controls the local displacements processes, which in turn

control the configuration of the fluids at the pore scale. The pore-scale configuration, however,

determines how easily fluids will move through the pore space. Together with the average

pore-scale capillary pressure, relative permeability comprises a macroscopic description of

flow in permeable media and is of utmost importance. For example, in designing the optimal

diffusion layer for a fuel cell, it is crucial to know how easily water by-product can exit and

reactant hydrogen can enter the cell.

The multiphase Darcy Law (Muskat and Meres, 1936) relates the Darcy velocity q [ms−1] of a

phase α to its relative permeability kr:

qα =
−Kkrα
µα

(∇P − ραg) , (1.11)

where K [m2] is a tensor representing the intrinsic permeability of the medium, ∇P [Pa m−1] is

the pressure gradient across a representative volume of the sample, and µ [Pa s] and ρ [kg m−3]

are the phase viscosity and density, respectively. The relative permeability is a coefficient,

0 ≤ krα ≤ 1, which accounts for the higher pressure drops observed during multiphase flow

compared to single-phase flow for the same flow rate (Blunt, 2017), and is a function of the

phase saturation (Sα). Generally, the sum of the relative permeabilities is less than one –

multiple phases impede each other.

1.3 Previous Studies

In this section, a review of previous pore-scale modelling and wettability research will be

provided. The concept of direct simulation of multiphase flow will be introduced and some

of its advantages and limitations briefly discussed. Subsequently, pore-network modelling

is given a detailed treatment and the current shortcomings are identified. While this thesis

focuses on the development of pore-network models and physical understanding, frequent

use of direct methods will be employed to inform and evaluate these advancements. Finally,

the topic of mixed wettability is given a thorough treatment with the key research questions
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highlighted.

1.3.1 Direct Numerical Simulation of Multiphase Flow

Direct approaches simulate flow directly on the pore space of a reconstructed 3D sample or

micro-CT scan of a porous medium. The methods either solve the Navier-Stokes equations

using Eulerian grid-based methods (finite-element, finite-volume and finite-difference) (Huang

et al., 2005; Raeini et al., 2012) or consider fluid motion as the propagation and collision

of fictitious particles, for example lattice Boltzmann (LBM) (Pan et al., 2004; Porter et al.,

2009; Akai et al., 2020a) or smoothed particle hydrodynamics (SPH) (Tartakovsky and Meakin,

2006) methods. Whilst both approaches are widely used to simulate flow through tens to

hundreds of pores (e.g, Pan et al., 2004; McClure et al., 2021; Maes and Menke, 2021), direct

simulations are often hindered by their computational demands; the time dependency and

non-linearity of the task poses an extreme challenge and even small-scale simulations require

require CPU (Pan et al., 2004) or GPU (An et al., 2017) parallelisation. The development of a

computationally efficient model which accurately captures pore-scale behaviour through rep-

resentative elementary volumes for complex systems remains a crucial step towards achieving

predictive capability for multiphase flow. Ultimately all direct methods are computationally

expensive, especially for capillary dominated flow, making them of limited use for predicting

macroscopic properties and displacement sequences through large samples. The limitations

of direct methods lead to a network modelling approach, and the predictions from the two

methods are compared in chapter 4.

1.3.2 Pore-Network Modelling of Multiphase Flow

An alternative to direct simulation is to represent the pore space as a network of nodes (pores)

and connecting bonds (throats). Pioneered by Fatt (1956), pore-network models offer a

more feasible means to simulate flow through large samples efficiently. The initial networks

considered were regular lattices, in which the coordination number and network element

properties were varied (e.g, Chatzis and Dullien, 1977; Jerauld and Salter, 1990; Koplik, 1982;

Dixit et al., 1999). However, regular lattices are not representative of reality. Subsequent
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efforts focused on disordered topology through the use of Voronoi diagrams (Blunt and King,

1990) and Delauney tessellations derived from numerically simulated diagenesis (Bryant and

Blunt, 1992; Bryant et al., 1993a,b). Disordered representations improved predictions, which

led to further efforts in creating networks statistically equivalent to two-dimensional thin

sections of geologic media. It is now possible, owing to the development of DRP, to extract a

network directly from a three-dimensional micro-CT image of a real sample (e.g Dong and

Blunt, 2009) (Fig. 1.7). This latter approach is the most accurate representation of the original

medium, and will be the method of choice in this thesis.

a) b)

Figure 1.7: A three-dimensional rendering of an X-ray imaged Benthemier sandstone (a) next
to a pore network extracted from the same image (b). Adapted from Raeini et al. (2017).

The connectivity of the extracted network preserves the pore-space topology of the real medium

(Fig. 1.7), while the pores and throats can be represented by simple one, or two, dimensional

geometric shapes, greatly reducing the complexity of a real image. Fluid displacement through

the ideal network is simulated semi-analytically, requiring far less computational resources

and time than direct methods. However, a key limitation to network modelling is the loss of

physical detail caused by conceptualising the pore space into idealised one, or two, dimensional

shapes (Fig. 1.8).
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Figure 1.8: A schematic of a porous medium (a) and its axial (e) and sagittal (i) planes. The
network representation of the medium using a variety of network extraction approaches is
shown in (b-d). Early network models represented the pore space using circular elements (b),
which preserve the inscribed radius of the pores and throats, r, and topology of the medium.
However, circular elements do not preserve the corners of pore space in the axial plane (f),
nor the geometry of the medium in the sagittal plane (j), and so the medium is modelled as a
quasi one-dimensional system. The development of classical methods idealises the pore space
as simple shapes, such as triangles or squares (c). Simple shapes preserve corners in the axial
plane (g) allowing wetting layers to be modelled, but neglect the geometry of the medium in
the sagittal plane (k) — the network is merely a two-dimensional representation of the real,
three-dimensional medium. The generalised network model (GNM) discretises the medium
using the corners of the pore space, shown by the dashed yellow lines in (d), which form the
elements of the network. In the axial plane, the GNM preserves the number of corners present
in the real medium (h). This work provides new formulations for the three-dimensional
features preserved in the sagittal plane (l), namely the pore-space expansion (β) and the
sagittal curvature (rs) of layer interfaces. From Giudici et al. (2023a).

Early PNMs represented the larger regions in the pore space, termed pores, and the connecting

narrower restrictions, termed throats, by circular or cylindrical network elements (Fig. 1.8b).

Discretising the pore space as a network of circular elements preserves the topology of a

permeable medium and provides simple, semi-analytic expressions for fluid-fluid displacement

(Chatzis and Dullien, 1977; Diaz et al., 1987), but renders it impossible to model flow through

wetting layers present in the corners of the pore space (Fig. 1.8a). Additionally, semi-analytic

approximations are derived from a quasi one-dimensional system; the inscribed radius, r, is
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preserved, but all other detail in the axial (Figs. 1.8e and f) and sagittal (Figs. 1.8i and j)

planes is lost.

To address these shortcomings, the advent of classical network models (CNM) saw the use

of simple geometric shapes, such as triangles and squares (Blunt, 1997; Bakke and Øren,

1997), to represent the pores and throats of a medium with wetting layers present in its

corners (Fig. 1.8c). The classical approach maintains the efficiency and topology inherent to

all network models, and has been used to reproduce upscaled flow properties in simple cases

successfully (e.g, Øren et al., 1998; Lerdahl et al., 2000; Valvatne and Blunt, 2004). Despite

improvements, classical approaches idealise the pore space as a quasi two-dimensional system

— the axial plane (Fig. 1.8g) solely provides the geometric detail used to derive semi-analytic

approximations, whilst the geometry of the solid and the fluid-fluid interfaces in the sagittal

plane are ignored (Fig. 1.8k). This is a poor representation of multiphase flow through nearly

all media, and direct numerical studies on synthetic media have shown that three-dimensional

features present in the sagittal plane have a large impact on pore-scale flow (e.g, Deng et al.,

2014; Rabbani et al., 2018). Furthermore, Bondino et al. (2013) showed that the classical

elements themselves are non-unique and do not preserve the exact geometry of the underlying

medium, leading to unreliable predictions: for example, the percentage difference in water

relative permeabilities was shown to be as large as 75% using different classical network

extractions from the same image. A solution to the shortcomings of classical approaches is a

network model which captures the fully three-dimensional features of a real medium, with

physical approximations that consider both the axial and sagittal planes.

Figure 1.8d shows the generalised network model (GNM) (Raeini et al., 2017, 2018), which

was developed to better discretise the geometry and connectivity of the pore space in three

dimensions and will be explained in detail in Chapter 2. In the axial plane, the GNM preserves

the number of corners present in the underlying image (Fig. 1.8h). The corners of the pore

space form the elements of the network, which include all void-space voxels between two

neighbouring pores, shown in Fig. 1.8d. Using the corners to discretise the pore space, it

naturally follows that geometric detail in the sagittal plane can also be preserved (Fig. 1.8l).

To date, however, the precise formulations of pore-space expansion, β, and sagittal curvature
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of fluid-fluid interfaces, rs, in a network model have been largely unexplored. To obtain

predictions truly representative of a real three-dimensional system, it is necessary to ensure

that semi-analytic approximations correctly account for the effect of three-dimensional features

on fluid-fluid interfaces. In Chapter 3, the GNM is further developed to consider the three-

dimensional nature of a real medium, and the effect that this has on macroscopic predictions

is quantified.

1.3.3 Mixed Wettability

In Chapter 3, the impact of pore-space geometry on displacement in uniformly-wet media is

analysed. Later, in Chapter 6, this analysis is extended to mixed-wet media. For several decades,

mixed-wet media has been recognised for its favourable impact on hydrocarbon recovery in

petroleum engineering and improved fuel cell efficiency in electrochemical engineering. Early

experimental observations of waterflooding in geologic media showed significantly greater

hydrocarbon recovery than in water-wet media (Salathiel, 1973; Tanino and Blunt, 2013),

while altering the wettability of a percentage of a gas-diffusion layer showed increased fuel cell

performance (e.g, Lim and Wang, 2004; Park et al., 2008; Chang et al., 2011; Vijay et al., 2011).

However, the origin of these phenomena were unknown, and it was an unspoken assumption

that pore-scale displacement in the wetting and non-wetting clusters would be described by

the same drainage and imbibition processes previously discussed, with flat interfaces present

at the transition between regions.
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a)

b)

c)

d)

e)

f)

Figure 1.9: Visualisations of the fluid interfaces in water-wet (a,b) and mixed-wet (c,d,e)
media, with the capillary pressure - saturation measurements for a mixed-wet medium
at different fractional flows shown in (f). The fluid interfaces in the water-wet medium
are approximately spherical, with similar principal curvature directions. Mixed-wet media,
however, exhibit complex interfaces which span multiple pore regions and have very low mean
curvature. A low mean curvature is maintained throughout the experiments, shown by the
capillary pressure measurements in (e). Figures adapted from Alhammadi et al. (2017) and
Lin et al. (2019).

Recently, significant progress has been made by DRP in imaging the intricacies of mixed-

wet processes occurring at the pore scale, particularly concerning the shape of fluid-fluid

interfaces. Pore-scale experiments conducted by Alhammadi et al. (2017) also displayed

enhanced hydrocarbon recovery in a mixed-wet sample, but further revealed that the nature

of the fluid interfaces is distinct from those observed in uniformly-wet media (Fig. 1.9a,b and

c,d,e). The interfaces spanned multiple pore regions, maintaining two-phase connectivity

throughout the medium, and exhibited a mean curvature an order of magnitude lower than

expected. Lin et al. (2019) performed similar pore-scale experiments and established that

displacement occurs at a remarkably low capillary pressure (Fig. 1.9f), with both fluids flowing

concurrently throughout the duration of the experiments. The authors further noted that the

fluid interfaces in mixed-wet media are approximately minimal surfaces. Minimal surfaces
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have a zero mean curvature everywhere but are not necessarily flat; across the interface,

the principal radii of curvature (Eq. 1.9) are equal in magnitude but opposite in direction

(Fig. 1.10). Minimal surfaces were subsequently imaged in the fibrous gas-diffusion layer of a

polymer-electrolyte membrane fuel cell (Shojaei et al., 2022) and in quasi-two dimensional

micromodel experiments (Irannezhad et al., 2023), extending the pioneering body of research

already conducted on these media (e.g, Lenormand et al., 1988; Oren et al., 1992; Jordan et al.,

2000; Benziger et al., 2005; Gostick et al., 2009; Zhao et al., 2016).

Figure 1.10: An illustration of the principal curvatures of a saddle-shaped minimal surface. At
the chosen point on the centre surface, the principal curvatures are opposite in direction but
equal in magnitude, shown by the projections to the left and the right. Adapted from Crane
et al. (2013)

Minimal surfaces are thought to be responsible for the desirable nature of displacement

observed in mixed-wet media; the Gauss-Bonnet theorem – which relates the topology of

a surface to its curvature – implies high fluid connectivity for negative Gaussian curvature

(minimal) surfaces (Armstrong et al., 2019). However, the specific conditions at which minimal

surfaces will form in porous media, and how their displacement proceeds at such a low

capillary pressure, remains poorly understood. The stability and displacement of minimal

surfaces are thus important research questions and are addressed in Chapter 5.
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1.4 Novel Contributions

To summarise, two main research themes were outlined in the previous section: the impact of

a three-dimensional consideration of the pore space on two-phase flow predictions, and the

nature of displacement in mixed-wet media. The research contained in this thesis contributes

the following advancements to the field:

• An extension to the physical approximations in current network models, which explicitly

acknowledges the third spatial dimension and allows for a more accurate representation

of the complex interfacial curvature present in real porous media.

• A detailed demonstration of the positive impact that a three-dimensional representation

of interfacial curvature has on macroscopic predictions.

• A comparison between pore-network modelling and direct simulations for a variety

of wetting states, revealing which method offers higher predictive accuracy at the

macroscopic scale.

• A thorough assessment of the conditions at which fluid interfaces are stable in three-

dimensional media, for any wettability.

• A physically-based explanation of low capillary pressure displacement in mixed-wet

media and an empirical relation which predicts the threshold displacement pressure.

• A newfound recognition of the importance that pore-space geometry has in pore-scale

displacement across all wetting states.
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1.5 Thesis Outline

This thesis investigates the impact of wettability and geometry on pore-scale displacement

using a variety of approaches and incorporates the findings into a framework suitable for

network modelling. The thesis is organised as follows:

Chapter 2 describes the generalized network model (GNM) which is further developed and

used extensively in this thesis.

Chapter 3 presents a representation of fully three-dimensional interfacial curvature in

pore-network models, and shows the enhanced predictive capability for water-wet media

using the GNM.

Chapter 4 presents a comparison of the GNM to lattice-Boltzmann simulation, evaluating

their respective abilities to capture wettability-dependent pore-scale processes.

Chapter 5 investigates interface stability and displacement in mixed-wet media. The

wetting and geometric conditions necessary for minimal surface formation are presented,

and a finite-element approach is used to understand the stability and displacement of these

surfaces. An empirical relation is found which accurately predicts the threshold displacement

pressure of a mixed-wet interface.

Chapter 6 summarises the main conclusions, achievements and opportunities for future

work provided by this thesis.
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CHAPTER 2

THE GENERALIZED NETWORK MODEL

2.1 Overview

In this chapter, the generalized network model for quasi-static multiphase flow is described.

First, the method of extracting a generalized network from a three-dimensional micro-CT

image is explained. Next, the simulation of two-phase flow through the extracted network

is presented. Finally, the chapter concludes with an assessment of the advantages that

the generalized method has over classical approaches, and the opportunities for further

development that will be explored in subsequent chapters.

2.2 Generalized Network Extraction

The initial stages of generalized network extraction (GNE) are similar to the medial surface

and maximal ball methods explained elsewhere (e.g, Sheppard et al., 2005; Dong and Blunt,

2009). Here, the extraction process is divided into two for clarity: first, the extraction of the

topology and the pore regions of the pore space are explained. Next, the additional steps

taken to discretise the pore space into corners (Fig. 1.8D) and to describe corner geometry are

introduced. It is the latter, corner-related approach which separates the GNM from classical

treatments. Note that the aim here is to provide a conceptual understanding of GNE – for a

more thorough treatment, the reader is referred to Raeini et al. (2017).

2.2.1 Topology Preserving Extraction and Identification of Pore Regions

The topology of any n-dimensional geometry is described by its medial axis, which can

be thought of as the geometry’s skeleton. Typically, for a permeable pore space in three-

dimensions, the set of points belonging to the medial axis will form a two-dimensional surface:

the topology of the pore space is uniquely preserved by its medial surface.
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To find the medial surface of a pore space from a three-dimensional image, the distance map

must first be determined. The distance map is a scalar field: each void-space voxel in the

image is assigned a value corresponding to the Euclidean distance between the given voxel

and its nearest solid voxel (Fig. 2.1a). The distance map can be visualised as a collection

of spheres, where each voxel’s centre is the centre of a sphere and the sphere’s radius is the

distance map value of the voxel (Fig. 2.1b). These spheres are called inscribed spheres.

25



CHAPTER 2. THE GENERALIZED NETWORK MODEL

Local

Distance 

Map

Pore 1

Pore 2

Medial Surface

Pore 1

Pore 2

Medial Surface

Region Growing 
Algorithm

Parent

Child

Parent

Child

Parent

Child

Pare
nt

Child

Pare
nt

Child

Pare
nt

Child

Parentless Maximum
            Pore 1

Parentless Maximum
            Pore 2

Fully

Overlapped

Inscribed

Spheres

Medial Surface

Maximal Spheres

a)

b)

c)

Throat Surface

d)

Pore 1

Pore 2
Pore Space

Region 
Extraction

Figure 2.1: An illustration of the first stage of generalized network extraction. In (a), the
distance map of the pore space is shown by the various colours. The distance map can be
visualised as a collection of spheres, shown in cross section in (b). The surface joining the
centres of the local maximal spheres defines the medial surface. The maximal spheres are
subject to a parent-child hierarchy, with parentless spheres defining pore centres. In (c), the
children of the parentless-maximal spheres are assigned the same pore label and given to a
region growing algorithm, which segments all of the voxels in the original three-dimensional
image into pore regions. The surface between regions is the throat surface, outlined by the
pink dashed line in (c). In (d), the region extraction process is shown for a synthetic pore
geometry which is used Chapter 3 of this study.
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Intuitively, some inscribed spheres will be completely overlapped by larger, neighbouring

spheres, while others – the maximal spheres – will be only partially overlapped. The surface

connecting the centres of all maximal spheres is the medial surface of the pore space (Fig. 2.1b).

While still a computationally demanding task, many efficient algorithms have been proposed

for extracting the medial surface from an image, and the extraction can be run in parallel,

meaning that images in excess of 20003 can be processed on standard workstations.

The maximal spheres defining the medial surface are then subject to a parent-child hierarchy,

as in Dong and Blunt (2009). For each pair of partially overlapping maximal spheres, the larger

sphere is considered as the parent. A maximal sphere with no parent is, locally, the largest

sphere, whose radius and centre represent a pore radius and centre, respectively (Fig. 2.1b).

The parentless sphere is given a pore label, and all of its children inherit the same pore label:

the parent-child hierarchy is used to determine the pore radii, the pore centres and to group

the voxels on the medial surface into pore regions.

The remaining void-space voxels of the image are assigned a pore label via a region-growing

algorithm (Fig. 2.1c). The algorithm begins with the medial surface voxels already assigned to

a pore region, and iteratively assigns the same pore label to neighbouring voxels (Fig. 2.1c).

The result is analogous to a watershed segmentation of the pore space. Each set of voxel faces

between two different pore-labels corresponds to a throat surface (Fig. 2.1c). The radius of

the throat is calculated as the average of the maximal spheres adjacent to the throat surface.

The overall outcome of the pore-region extraction stage applied to a synthetic voxel image,

which is used in Chapter 3 of this thesis, is shown in Fig. 2.1d.

2.2.2 Corner Extraction and Description

In the generalised network model, pores do not comprise the essential elements of the network.

Instead, the pore regions identified in the previous section are further divided into corners

(Fig. 1.8D).

The medial axis of a two-dimensional shape is a set of points defining a one-dimensional

medial curve. To generate corners, the throat surfaces identified in section 2.2.1 have their

medial curves extracted in a similar fashion to the medial surface of the pore space: on each
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throat surface, the distance map is used to generate a collection of non-overlapping maximal

spheres (Fig. 2.2a). The curve which joins the centres of these spheres defines the medial axis

of the throat surface. Each branch of this medial axis is given a corner label, and defines the

sagittal plane (Fig. 1.8I) of that corner.

Subsequently, the corner labels are given to another region-growing algorithm: beginning

with the voxels defining a throat surface’s medial axis curves, the corner labels are iteratively

assigned – in all directions – to neighbouring unassigned voxels in the original image. The

overall result is that each void-space voxel in the image belongs to a unique corner (Fig. 2.1b).

All corners sharing the same throat surface form a complete throat, which includes all voxels

between two neighbouring pores. The overall outcome of the corner-extraction stage applied

to a synthetic voxel image, which is used in Chapter 3 of this thesis, is shown in Fig. 2.2c.

The geometry of each corner at the throat surface and at the adjacent pore centres, in the axial

plane (Fig. 1.8e), is described by its half angle, γ, its perimeter, H, and the radius of the throat

(Rt) or pore (Rp) maximal sphere. The cross-sectional areas in the axial planes are obtained

directly from the underlying image. In the sagittal plane, edge vectors (e) are defined, which

connect the corner vertices at the throat surface to the corner vertices at the adjacent pores.

These edge vectors preserve a three-dimensional description of the expansion and contraction

of the pore space in the sagittal plane, as explained in Chapter 1 and in Fig. 1.8l. A sagittal

description of the pore space is novel among pore-network models, and will be exploited in

Chapter 3 to improve the calculation of interfacial curvature.

In summary, the base elements of the GNM are the corners. The corners combine to form

complete throats, each accounting for all void-space voxels between two neighbouring pores.

The corners preserve a thorough description of the pore space in both the axial and sagittal

planes. In the next section, displacement through this network of corners is described.
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Figure 2.2: An illustration of the second stage of generalized network extraction. The throat
surface from Fig. 2.1c is shown in (a). The distance map of the throat surface can be visualised
as a collection of spheres – the line connecting the centres of partially overlapping spheres
defines the medial curve of the throat surface. Each unique branch of the medial curve is
assigned a corner label. In (b), the corner labels are given to a region growing algorithm,
which segments all voxels in the underlying three-dimensional image into corners. In (c), the
corner extraction process is shown for the synthetic pore geometry shown in Fig. 2.1d, which
is used in Chapter 3 of this study.
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2.3 Generalized Network Quasi-Static Two-Phase Flow Sim-

ulation

Fundamentally, simulating flow through the GNM is no different to any other quasi-static

network model: the capillary pressure is incremented and interfaces are moved to new

positions of equilibrium, with each phase’s permeability determined from its configuration at

equilibrium. Here, the description of flow simulation is separated into three parts. First, the

description of interfaces at equilibrium is presented. Second, displacement of these interfaces

is explained. Finally, the calculation of permeability is described.

2.3.1 Equilibrium Configurations

Every corner in the network has a local coordinate system (x, y). The x-coordinate represents

the distance, in the sagittal plane, along the pore-space medial axis between the throat centre

and the pore centre. The y-coordinate is the distance, in the axial plane, between the pore-

space medial axis and the corner’s vertex. At an imposed capillary pressure, the corner’s

geometric properties (volume, area, perimeter, radius and half angle) and the coordinate

system allow a complete description of piston-like and layer interfaces.

Piston-like Interfaces

Raeini et al. (2018) proposed the following description of piston-like interfaces in the GNM.

Here, a complete derivation is presented, as in Giudici et al. (2023a).

Figure 2.3 shows a schematic of a square capillary tube which contracts into the page at an

angle β. In the axial plane, shown by Fig. 2.3a, the generalised network extraction discretises

the square into four corners, shown by the magenta lines defining the coronal planes (Fig. 2.3b)

of the pore space. In addition, every corner has a sagittal plane (Fig. 2.3c), shown by the

diagonal blue lines (the medial curves) in Fig. 2.3a. As a whole, the axial, coronal and sagittal

planes retain a three-dimensional description of the pore space used to derive a general

equation for piston-like curvature.

Consider the axial plane shown in Fig. 2.3a. Wetting layers are present in each corner, with
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Figure 2.3: A schematic showing a piston-like interface in a square capillary — which contracts
into the page — in the axial (a, green), coronal (b, magenta) and sagittal (c, blue) planes.
The piston-like curvature can be derived using a force balance on the interface, where P1 and
P2 are the receding and invading phase fluid pressures, respectively, β is the expansion angle,
θ the contact angle through phase 1, and σ the interfacial tension. The length of the layer
interface and invading phase-solid contact length, in each corner, is denoted by Wl and hl,
respectively, while Aeff is the effective area of the fluid-fluid interface after it is projected onto
the axial plane. In the sagittal plane, an interface tangent vector ŝ, is used to determine the
component of interfacial tension acting in the vertical direction, given by the vector x̂.

a layer interfacial length denoted by Wl. The red, invading phase occupies an effective area

of the square, Aeff , which contacts the solid perimeter of the square at a length 2hl in every

corner.

The fluid-fluid interface is subject to a pressure from the invading and receding phases, shown

in the coronal and sagittal planes (Figs 2.3b and c) by P2 and P1, which acts everywhere

normal to the interface. The resulting vertical force from P1 and P2 is obtained by projecting

the total area of the interface onto the axial plane (Aeff in Fig. 2.3a) and multiplying by the

difference in pressure. Additionally, the fluid interface experiences a force from the interfacial

tension, σ, acting per unit length along its perimeter and tangent to the interface. Where

the invading phase contacts the solid, the interfacial tension acts at an angle θ + β to the

vertical (Fig. 2.3b), with θ representing the contact angle. At the layer interfaces, the vector

ŝ is tangent to the interface and represents the direction of σ, while x̂ is the direction of the

vertical (Fig. 2.3c).

At equilibrium, the sum of forces must balance. Performing a vertical force balance:
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P2Aeff = P1Aeff + σ8hl cos (θ + β) + σ4Wlŝ ⋅ x̂,

P2 − P1 = Pc =
σ (8hl cos (θ + β) + 4Wlŝ ⋅ x̂)

Aeff

.
(2.1)

Dividing by σ and noting that Aeff is given by the difference between the total square and

layer area gives an expression for piston-like curvature in the square system. To generalise

Eq. 2.1, a summation over every corner belonging to a network element, t, is introduced,

where each corner exhibits a fluid-solid length of 2hl and a layer interface length (if present)

of Wl, giving:

κpl =
∑
c ∈ t
(2hl cos (θ + β) +Wlŝ ⋅ x̂)

Atotal −Alayer

. (2.2)

Equation 2.2 is explicitly determined at three fractional distances from throat centre to

pore centre: x = {0, 12 ,1}, while the calculated curvatures are assumed to change linearly

between each distance. For any imposed capillary pressure, Eq. 2.2 determines the position

of equilibrium of a piston-like interface in the network. In Chapter 3, an empirical equation

for determining β is provided, alongside and assessment of the impact that β on pore-scale

displacement.

Layer Configurations

In the axial plane, the position of an oil or water layer, for any imposed curvature (capillary

pressure), is easily obtained. Consider a corner with half angle γ, shown by the axial plane in

Fig. 2.4. If the invading phase, shown in red, has a contact angle θ which satisfies θ + γ < π
2 ,

then a wetting layer will form after a piston-like interface has displaced through the centre.

The length of the layer-solid contact in the axial plane is denoted by Ll. Using simple geometry,

the following expression for the axial radius of curvature, ra, at any Ll, can be derived (Blunt,

2017):

1

ra
=
cos θ (cotγ − tan θ)

Ll

. (2.3)
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Figure 2.4: A diagram showing a geometric method to determine the radius of axial curvature,
ra, using the layer-solid and centre-solid lengths, Ll and Lc, the corner angle γ and the contact
angle measured through the layer, θ.

Strictly, the imposed capillary pressure is described by the sum of two principal curvature

components (Eq. 1.9). To date, few network models have considered the curvature of a layer

in its sagittal plane. In Chapter 3, the geometry of the GNM will be exploited to produce a

new method for including sagittal curvature in network modelling. The impact that sagittal

curvature has on predictions will be quantified.

2.3.2 Fluid Displacements

Displacements are driven by incrementally increasing the invading phase pressure at the

inlet. The existing interfaces are updated in accordance with capillary equilibrium: for each

interface, if the new capillary pressure exceeds a threshold value, the interface will displace to

a new equilibrium position. The three-phase contact loop of an interface can remain pinned,

with only a change in interfacial curvature, if the new capillary pressure does not cause the

interface to reach its (user defined) advancing or receding contact angle. The threshold

capillary pressure necessary to elicit a displacement depends on the local fluid configuration

and is different for pores and throats.
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At a throat, the possible displacements are piston-like advance or snap-off. Piston-like advance

occurs when the prevailing capillary pressure exceeds the threshold predicted by Eq. 2.2,

while snap-off occurs when the three-phase contact point of two layers meet in the axial plane

(Fig. 2.4).

At a pore, piston-like displacement or cooperative pore-body filling are possible. To recap,

the elements of the generalized network model are corners, which combine to form complete

throats between two adjacent pore centres. Pores are simply the region of intersection, or the

union, of many throat elements. The threshold pressure to invade a pore is determined from its

constituent throat elements and considers the local fluid configuration. The pore entry pressure

is defined as the largest capillary pressure given by Eq. 2.2 when applied to the connecting

throats which contain the invading phase in a piston-like configuration. In other words, for

each throat element forming a given pore, Eq. 2.2 is applied if that throat element contains

the invading phase in a piston-like configuration, and the maximum predicted pressure out

of all the connecting throats is considered to be the threshold entry pressure for that pore.

For pore threshold pressures, Eq. 2.2 is applied at fractional distances of x = {12 ,1}: in each

connecting throat considered, the displacement pressure is determined at the pore centre and

halfway between the pore and throat centres.

Interestingly, the GNM is the only network model which explicitly models cooperative pore-

filling through a force balance rather than empirical approximations: Eq. 2.2 directly considers

the effect of adjacent occupied throats through the interface tangent vector ŝ. Cooperative

pore-body filling is not a focus of this thesis and the reader is referred to Raeini et al. (2018)

for a thorough treatment, however a conceptual view is provided here for completeness.

Programmatically, each corner element within a throat retains the position in memory of its

neighbouring corners belonging to different, adjacent throats. Throughout the simulations,

a corner element can therefore check its neighbouring corners’ fluid configurations. When

determining the entry threshold capillary pressure for a given pore, Eq. 2.2 is applied to each

connecting throat, and the equation itself loops over all of the corners forming the considered

throat, as explained previously. At the halfway point, x = 1
2 , the interface tangent vector

is considered to always be parallel to the edge vector, e1, between the throat-centre and
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pore-centre of the considered corner (Fig. 2.5).

However, at the pore centres (x = 1), the interface tangent vector can vary. If a corner under

consideration detects that its neighbour has a layer-like configuration of the invading phase,

then the direction of the interface tangent vector is set to be the difference between the

edge vectors of the two corners, shown in Fig. 2.5a. Alternatively, if a corner detects that

its neighbour is in a piston-like configuration, as shown in Fig. 2.5b, the tangent vector is

assumed equal to the throat-centre to pore-centre line, x̂. In this way, the dot product ŝ ⋅ x̂

in Eq. 2.2 directly accounts for local fluid configurations — adjacent throats which are filled

with the invading phase increase the cumulative dot product, which results in larger, more

favourable pore entry pressures, consistent with cooperative pore filling.
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Figure 2.5: A schematic of the generalised network model’s treatment of cooperative pore-
body filling. The blue, invading phase is displacing into the pore from the rightmost throat.
The top row shows two different local fluid configurations, while the lower row shows a
zoomed in perspective of the two adjacent corners outlined in pink. In (a), the adjacent
corner is in a layer-like configuration, and the interface tangent vector at the pore centre
(ŝ1) is assumed to have a direction equal to the difference in the edge vectors: ŝ1 = e1−e1adj

∣e1−e1adj∣ .
However, if the adjacent corner has a piston-like configuration of the invading phase, shown
in (b), the interface tangent vector is assumed equal to the unit vector between the throat and
pore centre (x̂). At the halfway point, the tangent vector always has a direction equal to the
corner’s edge vector, given by ŝ1

2
= ê1.
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2.3.3 Relative Permeability Calculation

After each pressure increment, the new interface positions are used to update the saturation of

each phase. After a user-defined change in network saturation, the conductivity of the corners

comprising each throat are calculated and averaged to provide the conductivity of that throat.

Subsequently, mass balance on each pore, p, is invoked to calculate the flow rate:

∑
t ∈ p

qαt = ∑
t ∈ p

gαt (Φp −Φnei) = 0 (2.4)

where qαt is the total flow rate of a phase (α) passing through a throat (t), gαt is the throat

conductivity and Φp − Φnei is the viscous pressure drop between neighbouring pores. The

summation is over all throats connected to a given pore. Equation 2.4 leads to a sparse

system of linear equations, which can be solved numerically after a dimensionless pressure

of 1 and 0 are set at the inlet and outlet, respectively. The total flow rate into (or out of) the

network is the sum of the flow rates entering (or exiting) the inlet or outlet side of the domain.

Finally, the relative permeability of each phase is obtained by dividing its total flow rate by the

single-phase flow rate, which is calculated before flow simulations begin.

2.4 Advantages over Classical Approaches

A key advantage that the GNM has over classical approaches is the absence of many ambiguous

parameters. In classical methods, pores and throats are separate entities, each with their own

volume and length (Valvatne and Blunt, 2004). These volumes and lengths are then used

to calculate the single, two-phase and electrical permeability. In reality, however, there is

no physical boundary between a pore and a throat; assigning geometric properties to these

fictitious conceptualisations of the pore space becomes arbitrary.

In the GNM, the network elements are conceptually corners, which combine to form throats:

a generalized throat includes all of the voxels between two neighbouring pore centres, as

explained in Section 2.2.2. A pore is simply the combination of many half throats. The

geometric description of generalized throats is obtained directly from the underlying image,

eliminating the need for decision-making.
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The cross-sectional shape of the generalized elements in the axial and sagittal planes (Fig. 1.8)

– the latter of which is a central part of this thesis – further benefit from the generalized

discretisation. As explained in Fig. 1.8k, classical methods do not consider the sagittal plane,

which has been shown to impact two-phase flow, while the axial plane is described by a

simplified shape with a non-unique equivalent shape factor. Changing the shape of the pore

space will clearly affect the number of corners, the formation of layers in the corners, and

the connectivity throughout the medium. These features have substantial impact on the

displacement capillary pressure and the conductivity of the network elements. The GNM

effectively removes these inaccuracies.

While the generalized extraction provides a more accurate characterisation of the pore space

in three dimensions, little research has focused on the impact that the third spatial – or sagittal

– dimension has on displacement. Additionally, within the context of network modelling,

few attempts have been made to incorporate any three-dimensional effects into a network-

modelling framework. In the next chapter, a comprehensive assessment of the impact that

the sagittal plane has on piston-like and layer displacement is presented, and the generalized

network model is further developed to accurately predict the observed behaviour.
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CHAPTER 3

REPRESENTATION OF FULLY

THREE-DIMENSIONAL INTERFACIAL CURVATURE

IN PORE-NETWORK MODELS

The contents of this chapter have been published in Giudici et al. (2023a).

3.1 Overview

In this chapter, the detailed geometry of the GNM is exploited to formulate the inclusion

of pore-space expansion, β, and the sagittal curvature, κs, of a fluid-fluid meniscus. To do

this accurately, high resolution direct simulations of two-phase flow through a variety of

synthetic geometries and wettabilities, performed with a volume-of-fluid method, are used to

calibrate GNM developments. The effect of pore-space expansion and sagittal curvature on

threshold pressures for displacement events are quantified from the volume-of-fluid simulations

and compared to both generalised, and classical, network model predictions. A pressure

dependence of sagittal curvature is revealed, with direct simulations used to further develop

and calibrate pore-by-pore inclusion of three-dimensional effects into the generalised network

model. Finally, the impact of physically accurate fluid interfaces on macroscopic two-phase

flow parameters is demonstrated through a comparison with experimental results. Overall, this

chapter produces a pore-network model that accurately captures the full three-dimensional

nature of fluid displacement, validated by direct pore-scale numerical simulation.

3.2 Network Model Developments

In this section, the developments to the generalised network model are explained. First, the

inclusion of pore-space expansion is presented, followed by a new method for incorporating
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the sagittal curvature of a layer interface.

3.2.1 Curvature for Piston-like Advance

Traditionally, the curvature of a piston-like (terminal) meniscus has been determined by

considering an energy balance on the layer interfaces, termed arc-menisci, present in the

corners of the pore space (Fig. 1.8g). This is a two-dimensional calculation which ignores

curvature in the sagittal plane. With complex geometry the energy balance is algebraically

elaborate to simplify, but the key result is that the total curvature is related to the ratio

of the effective perimeter (Peff) and area (Aeff) occupied by the invading phase, given by

κ =
Peff

Aeff
cos θ, where θ is the advancing or receding contact angle (Mason and Morrow, 1991).

For classical networks — which use a shape factor, G = A
P 2 , to represent the ratio of the total

area (A) to the total perimeter (P ) — the curvature of a piston like interface, κpl, is given by:

κpl =
cos θ (1 + 2

√
πG)

r
Fd (θ,G, γ) , (3.1)

where Fd is a dimensionless correction factor accounting for the wetting layers retained in the

corners, r is the inscribed radius of the element and γ represents the corner half-angles (Blunt,

2017).

While Eq. 3.1 accounts for the effect of wetting layers on terminal meniscus curvature, and

ensures capillary equilibrium between layer and piston-like interfaces, it does not include

the three-dimensional effect that an expanding or contracting pore space has on the total

curvature — Eq. 3.1 is obtained purely from the axial plane shown in Fig. 1.8g. Pore-space

expansion has been shown to have considerable influence on entry pressures, particularly

at neutral wettabilities with contact angles close to 90○ (Rabbani et al., 2018). Therefore, if

network models are to be truly predictive, they must include the expansion angle β, shown in

Fig. 1.8l. As discussed in the previous section, the GNM does include β in its approximation of

piston-like curvature (Eq. 2.2). Below, a new method for determining β is presented.

Consider Fig. 3.1, which shows a pore and two possible connectivity scenarios, with a piston-

like interface present in the left-most throat. As the pressure of the red, invading phase
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increases, the fluid-fluid interface will displace into the pore centre with a curvature given

by Eq. 2.2. However, the angle β is not necessarily constant — it can vary depending on

the exact geometry and topology of the local pore space. Two vectors are defined, p and

t, which point from the occupied throat centre to the pore centre and the adjacent throat

centre, respectively. The vectors p and t are used to produce an empirical expression to

approximate β, in every corner, at three locations: xpl = {0, 12 ,1}, where xpl is the fractional

distance from throat centre to pore centre. The empirical expression approximates the solid

wall as sinusoidal and accounts for connected throats:

β = tan−1 (
a sin (πxpl) (rp − rt)

D
) + b sin(

π

2
xpl) cos

−1 (
t ⋅ p

∥t∥ ∥p∥
) , (3.2)

where rp and rt are the pore and throat radii, respectively, and D is the distance between pore

centre and throat centre. The coefficients a and b are sensitivity parameters and are set to 0.3

and 1.1 in this work, respectively: the reader is referred to Fig. A.1 for further details on how

these values are determined. If a corner’s neighbouring throat is situated exactly opposite

the current throat, shown schematically by Fig. 3.1a and in cross-section by Fig. 3.1c, the

dot product of p and t is zero and Eq. 3.2 reduces to the first term — a simple trigonometric

expression modulated by the sine function. However, if other adjacent throats are present

(Fig. 3.1b), the second term in Eq. 3.2 accounts for additional expansion shown in Fig. 3.1d,

where the expansion angle β is greatest at the pore-centre.

In section 3.5.1 of this chapter, the performance of Eq. 3.2 is evaluated against volume-of-fluid

simulations of piston-like advance through a wide range of wettabilities. The volume of fluid

simulations will be explained further in Section 3.4.1.
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Figure 3.1: A schematic showing the parameters used to determine the expansion angle,
β, at which the solid is inclined to the line connecting throat and pore centre. In a pore-
throat arrangement where the throats are exactly opposite one another, as shown in (a), β is
determined using the difference in pore (rp) and throat (rt) radii, as well as the pore-throat
distance, D, which are shown in the coronal-plane cross-section in (c). However, if the throats
connecting to a pore are not opposite each other — shown schematically in (b) — it is assumed
that β will take a maximum value at the pore-centre and an additional correction must be
included. The correction uses the dot product of the vectors connecting the throat to the pore
centre (p) and to the adjacent throat centre (t), shown in the coronal-plane cross-section
in (d). In both cases, the solid wall is modelled as sinusoidal, and estimates are taken at a
distance xpl = {0, 12 ,1}, where xpl is the fractional distance from pore to throat.
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3.2.2 Layer Sagittal Curvature

The total fluid-fluid curvature present in Eq. 1.9 represents the sum of the principal components

of curvature, κa and κs, of the interface:

κ = κa + κs. (3.3)

For piston-like interfaces, κ can be determined from a force balance on the interface, as

previously shown in Eq. 2.2. For layer configurations, however, a force balance becomes more

complex. Therefore, it is typical in network modelling to assume that the second principal

component of curvature — termed here as the sagittal curvature (κs) — is negligible, and

so the total curvature is equal to the curvature in the axial plane, κ = κa. Strictly speaking,

this assumption is only valid for a system which can be approximated as infinitely long and

radially invariant, such as a capillary tube of constant radius (Lenormand et al., 1983). As

discussed previously, many studies have noted that, in truly three-dimensional geometries,

curvature in the sagittal plane affects capillary pressure predictions (e.g, Deng et al., 2014;

Raeini et al., 2014). To date, however, only one network model has attempted to include

sagittal curvature (Raeini et al., 2018) in a truly three-dimensional context. Below, a new

approach for incorporating sagittal curvature into a network model on a pore-by-pore basis is

provided.

Consider Fig. 3.2, which schematically shows the sagittal plane (Fig. 1.8i) of a throat (a) and

a pore (b). It is evident from Fig. 3.2 that the curvature of the wetting layers in the sagittal

plane is not zero. To approximate it, the corner vertices at every throat centre are assumed to

be a local origin, O. Then, a set of vectors are defined dependent upon whether the sagittal

curvature at a throat or pore is to be calculated. At a throat centre, two edge vectors between

the throat corner vertices and the neighbouring pore corner vertices, e1 and e2, are defined

(Fig. 3.2a). Provided that O, e1 and e2 are non-colinear, these three points are sufficient

to define a unique circle with radius rst in the sagittal plane. The centre of this circle, Cst,

is determined from the intersection of the vectors normal to e1 and e2. Subsequently, the

sagittal curvature at the throat, κst, is assumed to be inversely proportional to rst — which is
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Figure 3.2: A schematic showing the method used to determine the radius of sagittal curvature,
rs, of a layer at a throat (a) and at a pore (b). In (a), the radius of sagittal curvature at the
throat (rst) is defined using the circle formed by the throat corner, O, and the two edge vectors
e1 and e2, which are the position vectors of the neighbouring throat corners relative to O. In
(b), the radius of sagittal curvature at the pore (rsp) is obtained from the circle defined by O,
e2 and the position vector of the neighbouring throat corner, tadj, relative to O. In addition,
the sign of rsp is determined by the dot product of the sum of the adjacent throat’s edge vector,
eadj1 , and e2 with the pore-centre to pore-corner axis, y.
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calculated as the distance between the throat corner vertex and Cst — and is always negative:

κst = −
c

rst
= −

c

∣Cst∣
. (3.4)

For pore centres, the edge vector e2 and the vector between adjacent throat corner vertices,

tadj, establish the three points needed to determine the circle defining the pore sagittal

curvature, which has a radius rsp and centre Csp (Fig. 3.2b). Additionally, the adjacent throat’s

edge vector, eadj1 , and the pore-centre to pore-corner axis, y, are needed to determine the sign

of the pore sagittal curvature:

κsp =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

d
rsp
= d
∣Csp∣ , if (ê2 + ê

adj
1 ) ⋅ ŷ > 0

− d
rsp
= − d

∣Csp∣ , otherwise.
(3.5)

The generalised network represents a coarse-scale discretisation of the porous medium, from

which only a finite set of vertices may be used to calculate sagittal curvature. In reality,

curvature is mathematically defined at an infinitesimal portion of a fluid interface (Blunt,

2017). The coefficients c and d in Eqs. 3.4 and 3.5 therefore represent calibration factors which

account for the coarse discretisation in the GNM, and are used to optimise the approximation

of sagittal curvature.

Equations 3.4 and 3.5 are used to define the sagittal curvature at every pore and throat centre

of each corner in the network, prior to initiating fluid injection. In the following section,

the direct numerical simulation method used to assess and calibrate Eqs. 3.2, 3.4 and 3.5 is

explained.

3.3 Volume of Fluid Method

The essential details of the direct method used to calibrate the network model developments

are outlined here — for a complete treatment the reader is referred to Raeini et al. (2012) and

Shams et al. (2018). All differential equations that follow are solved using the OpenFOAM

finite volume library (Jasak et al., 2007).
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The flow of two isothermal, incompressible and immiscible Newtonian fluids is described by

the set of Navier-Stokes equations:

∇ ⋅ u = 0 (3.6)

D

Dt
(ρu) − ∇ ⋅T = −∇p + F + fc. (3.7)

The velocity field, u, is updated based upon the pressure gradient, ∇p, the body forces acting on

the fluid, F, and the capillary force, fc, which is determined through the contour-level surface

force model (Shams et al., 2018). The viscous stress tensor is denoted as T = µ (∇u + (∇u)T ),

where µ is the dynamic viscosity.

The two fluids are treated as a single fluid-continuum system, with an indicator function, α

defined throughout the flow domain representing the volume fraction of the phases in each

grid cell. The indicator function is a continuous variable α = [0,1], taking a value α = 1 if the

cell is completely filled with phase 1 and a value α = 0 if the cell is filled with phase 2. Values

between zero and one are present in cells containing the fluid-fluid interface, which is tracked

and evolved using the advection equation:

∂α

∂t
+∇ ⋅ (αu) = 0. (3.8)

The density and viscosity of the fluids is 1000 kgm−3 and 0.001 Pas, respectively. All simulations

are capillary dominated, with a capillary number, Ca =
µq
σ , of 6.67 × 10−6 for the injected phase,

where q represents the Darcy velocity. The contour-level surface force model used in this work

significantly enhances the accuracy of capillary pressure predictions (Shams et al., 2018). The

mesh discretising the flow domain is unstructured, with cubic grid blocks in the centre and

grid blocks deformed to align with the solid walls at the boundaries. The resolution is 1 µm per

grid block, with an extra layer of cells added near the solid walls to more accurately capture

wetting layers.

The volume-of-fluid method is used to simulate piston-like advance and layer growth in

synthetic geometries, with the predictions compared to those obtained with network modelling.
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The following section describes the geometries, flow conditions and methods used to compare

and validate the network model developments presented in section 3.2 with volume-of-fluid

simulation predictions.

3.4 Synthetic Geometries, Flow Conditions and Comparison

The geometry — and related flow conditions — considered depend upon the local property

being analysed. Below, the properties of interest are separated and their respective flow

conditions and points of comparison are described.

3.4.1 Piston-Like Curvature Analysis

To analyse piston-like curvature, a synthetic two pore system is constructed using intersecting

spheres. To save time, the symmetry of the system is exploited by a lengthways bisection. The

synthetic geometry and its dimensions are shown in Fig. 3.3.

80μm

120μm

rp =13μm 
rt =6μm 

rp =13μm 

Inlet

Figure 3.3: The dimensions of the synthetic two-pore geometry used in the analysis of
piston-like curvature. The magenta line represents a sagittal plane of the system, shown in
cross-section in the top of the figure, while the green lines show axial planes at the pore and
throat centres, shown in cross-section at the bottom of the figure. The pore and throat radii
are denoted by rp and rt, respectively. The two-pore system is initialised with a 5% saturation
of invading (red) fluid before injection commences.
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Using the volume-of-fluid method, a piston-like interface is initialised at the inlet side of the

two-pore system, corresponding to an initial invading fluid saturation of 5%. Subsequently,

the wettability is assigned and the invading phase is injected to simulate piston-like advance

of the terminal meniscus. The range of contact angles, measured through the receding phase,

used for the simulations of piston-like advance span from 30○ to 150○ in 15○ increments. This

wide selection of contact angles covers drainage, imbibition and neutral wettabilities.

Separately, the GNM is used to extract a network from the geometry in Fig. 3.3 and to simulate

piston-like advance for the same range of contact angles as in the volume-of-fluid simulations.

The maximum capillary pressure necessary to reach the outlet is compared between the two

model predictions, in addition to the capillary pressure needed to occupy the centre of the

throat and each neighbouring pore. The capillary pressure is defined by Eq. 1.9, where the

invading phase corresponds to phase 2.

3.4.2 Analysis of Layer Sagittal Curvature

In the analysis of the three-dimensional layer configuration and its effect on capillary pressure,

the property of interest is the deviation of total curvature predictions from two-dimensional

analytic predictions for layer curvature, which was derived for a general corner angle in

chapter 2 section 2.3.1. To measure this deviation precisely, two equilateral triangular

geometries are used which expand and contract with a user-defined expansion angle, β, set to

β = 10○ and 20○ in this work. The pore and throat radii are kept constant at 25 and 10 voxels

respectively, resulting in a pore-throat contraction ratio of 2.5. The contact angle is kept at

θ = 30○, measured through the invading phase. Figure 3.4 shows the two geometries and their

dimensions.

The generalised extraction algorithm is used to discretise the corners of the samples shown in

Fig. 3.4 and to obtain the generalised network geometries. In the volume-of-fluid simulations

performed on the triangular geometries, layers are initialised in the corners of the pore space

at an initial wetting phase saturation, Sw, of 14% and 12% for the 10○ and 20○ geometries,

respectively. Subsequently, imbibition is simulated through the samples using the GNM

and volume-of-fluid methods detailed previously, where the invading phase pressure now
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87μm
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rp =25μm 

87μm
Inlet

β=20o

176μm
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rp =25μm 

Figure 3.4: The dimensions of the equilateral triangular geometries used in the analysis of
layer growth. The two geometries’ axial planes at the pore and throat centres are highlighted
in green, shown in cross-section at the bottom of the figure. In the axial planes, the pore and
throat radii are denoted by rp and rt, respectively, and the geometries are axially identical.
However, the sagittal planes, in magenta, are different — the left geometry has an expansion
angle of β = 10○, shown in the upper left sagittal curvature cross-section, while the right
geometry has β = 20○, shown in the upper right cross-section. Note that, due to the symmetry
of the system, only one sagittal plane of each geometry is shown, while in reality each corner
has its own sagittal plane.

corresponds to phase 1 in Eq. 1.9.

The model predictions for the threshold total curvature (capillary pressure) at which snap-off

occurs, as well as the evolution of the principal components of curvature (Eq. 3.3) as a function

of saturation, are compared at the throat. To obtain the principal components of curvature

from the volume-of-fluid simulation, Eq. 2.3 is used to determine the curvature in the axial

plane at each time step. The axial curvature is then subtracted from the predicted total

curvature to provide the sagittal curvature (Eq. 3.3).

3.5 Results and Discussion

In Section 3.5.1 the local effect of implementing pore-space expansion and sagittal curvature,

described in Sections 3.2.1 and 3.2.2, respectively, on threshold pressures for displacement

is analysed. Subsequently, the impact of the local parameters on macroscopic relative per-

meabilities and capillary pressures is presented and discussed in Section 3.5.2. Finally, in

Section 3.5.3, the computational cost of including a three-dimensional representation of
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interfacial curvature in network models is addressed.

3.5.1 Local Parameters

Pore-space Expansion

Fundamentally, the displacement of one phase by another is a thermodynamic process (Mor-

row, 1970a): displacement will only occur if it is energetically favourable. Displacements

control the local configuration of the two fluids in the pore space, which upscales to the

averaged macroscopic parameters used for predictions. Therefore, if the threshold pressures

for displacements are predicted well, the upscaled predictions can inherit high accuracy.

Figure 3.5 shows the predicted threshold capillary pressures needed to pass through the

two-pore system (Fig. 3.3) using the volume-of-fluid method, the GNM prior to improvements,

and the calibrated GNM after implementing the updated method for pore-space expansion

described in Section 3.2.1.

20 40 60 80 100 120 140 160
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Volume of Fluid
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Calibrated GNM

Figure 3.5: The threshold capillary pressure (Pc) needed to pass through the two-pore
geometry shown in Fig. 3.3 as a function of receding phase contact angle (θ). The red
line shows the volume-of-fluid predictions, while the green and blue lines show the GNM
predictions before and after implementing Eq. 3.2, respectively.

The difference in threshold predictions between the volume-of-fluid method and the GNM prior

to improvements is substantial. To quantify the difference, a dimensionless discrepancy, ∆Pc =
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rt
2σ ∣P

V oF
c − PGNM

c ∣, is defined where P V oF
c and PGNM

c are the capillary pressures predicted

by the volume-of-fluid method and the GNM, respectively, for any given contact angle and

rt = 6 µm is the inscribed radius of the throat in Fig. 3.3. At the smallest contact angles (θ < 75○)

∆Pc is below 0.1, while at intermediate and larger angles (θ ≥ 75○) ∆Pc is significantly greater

and exceeds 0.2. However, the apparent wettability predicted by the two models offers the

most insight into the physical nature of displacement at the pore-scale: the volume-of-fluid

method predicts Pc > 0 for all contact angles less than 120○, indicating that the invading fluid

must be forced through the sample as the non-wetting phase. In the uncalibrated GNM, all

wettabilities below θ = 90○ are considered non-wetting to the invading phase, while all above

are considered wetting. Exactly at 90○, the capillary pressure is zero, where displacement is

driven by cooperative pore-body filling.

A zero capillary pressure at θ = 90○ is an inevitable prediction from network models neglecting

the expansion and contraction of the pore space in the sagittal plane, as the cosine term in

Eq. 3.1 becomes zero. Indeed, using Eq. 3.1, one can erroneously infer a wetting system,

with Pc < 0, for all θ > 90○, as shown by the uncalibrated GNM in Fig. 3.5. In reality, this

is often incorrect — the apparent wettability of a system depends on the expansion angle

of the solid surface in addition to the contact angle (Rabbani et al., 2018). The reason for

this dependency becomes clear when considering the forces acting on an interface: in an

inclined geometry, the balance of fluid-solid and fluid-fluid interfacial tensions acting at the

three-phase contact line gives a contact angle through the Young equation (Hassanizadeh and

Gray, 1993), however the direction of the fluid-fluid interfacial tension is further inclined

from the flow direction by the angle β (Fig. 2.3B). This gives rise to a different curvature,

and hence apparent wettability, of the interface as compared to a geometry in which the solid

walls are assumed parallel in the sagittal plane (Fig. 1.8K). The effect of an inclined surface,

in terms of the macroscopic volume-of-fluid predictions shown in Fig. 3.5, is that the fluid

interface maintains a positive curvature far above θ = 90○, and is apparently non-wetting even

at weakly wetting contact angles. After implementing Eq. 3.2 with optimised coefficients

obtained from Fig. A.1, the calibrated GNM correctly accounts for the impact β has on capillary

pressure, accurately reproducing the behaviour predicted by the direct method and reducing
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Figure 3.6: The local capillary pressure (Pc) predicted for each pore (a and c) and the
adjoining throat (b) in Fig. 3.3, as a function of receding phase contact angle (θ). In the green
line, the maximum capillary pressure throughout the volume-of-fluid simulations is attributed
to the throat, while the minimum is attributed to the pores, for θ < 90○, and vice-versa for
θ ≥ 90○. In blue, the generalised network Pc for pore and throat centres is shown. In red, the
volume-of-fluid Pc is presented at the time when the pore or throat centre is first occupied
with the invading phase.

the absolute difference in predicted threshold capillary pressure by at least 1500 Pa for all

θ > 75○. More insights into the nature of displacement at the pore-scale can be obtained by

analysing the capillary pressure of the interface as it passes through the centre of each pore

and the connecting throat, rather than the threshold of the system as a whole.

Figure 3.6 shows the predicted capillary pressure of the interface as it passes through both

pores and the middle throat, for the complete range of contact angles simulated. In pore-scale

studies, it is common to attribute the macroscopic thresholds for displacement, shown in

Fig. 3.5, to the conceptualised pores and throats of a network — during drainage the most

difficult step is considered to be invading the centre of the narrowest region (the throat

centre), while during imbibition it is the centre of the widest regions (the pore centres) which

offer most resistance to displacement (Blunt, 2017). Indeed, network model threshold entry

pressures are almost always determined by considering only pore and throat centres. Using

this convention, the network model predictions at the throat centre (Fig. 3.6b) agree well with

the volume-of-fluid thresholds, with some disagreement in the intermediate contact angle

ranges (Fig. 3.6b). The pores, however, show far greater disagreement, particularly during

drainage where ∆Pc exceeds 0.25 in places (Fig. 3.6a and c). The principal reason for this
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difference is that, if the expansion in the sagittal plane permits, cos(θ +β) in Eq. 2.2 can take a

maximum or minimum value away from the pore and throat centres. This has been studied for

neutral wettabilities (e.g, Pavuluri et al., 2020), but here the effect is seen even for relatively

low and high contact angles. Note that, while the volume-of-fluid simulations are dynamic,

the average capillary number in the simulations was 6.67×10−6, and the maximum capillary

number measured at the throat centre did not exceed 1×10−4. These values are small enough

to neglect viscous effects on interface curvature and compare with quasi-static predictions.

Figure 3.7 shows the distance of the interfaces, at the threshold maxima and minima shown

in Fig. 3.6, from the throat centre. At the lowest contact angles, the conventional assumption

that the maximum capillary pressure is at the throat centre, while the minimum is at the

pore centres, is approximately correct, with only minor deviations. However, as the contact

angle increases, the location of maxima and minima changes smoothly — the minima move

towards the throat centre, while the maxima move towards the pore centre. At the highest

contact angles, the invading phase is wetting, and the expected behaviour of pore centres

representing local maxima and throat centres local minima is again approximately correct.

Interestingly, at θ = 105○, the interface location of the Pc maxima reaches its greatest distance

from the throat centre, before decreasing at larger contact angles. This inflexion point marks

the transition to imbibition — beyond θ = 105○, the contact angle has increased to such an

extent that cos(θ + β) is negative, and so the total curvature becomes negative (Fig. 3.5) with

the defending phase protruding into the invading phase, moving the interface centre towards

the throat. In summary, the assumption that local minima and maxima are exactly at the pore

and throat centres is likely only true for very low or very high contact angles, where small

additions will not have much effect on the cosine function, or where β is very small. The

better agreement of threshold pressures in the throats in Fig. 3.6b can be attributed, in part,

to a far smaller β than in the pores.

In the GNM, the threshold pressure for displacement is taken as the local maximum calculated

from three, rather than two, locations: the pore centre, the throat centre, and the half-way

point (Eq. 2.2). For this reason, the large pore discrepancies seen in Figs. 3.6a and c at

low contact angles, and the relatively larger throat discrepancies at intermediate contact
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0.0
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Figure 3.7: The fractional distance from throat centre to pore centre (right schematic) of the
interface centre position in the volume-of-fluid simulations as a function of receding phase
contact angle (θ). In blue, the interface position at minimum capillary pressure is shown, while
red represents the position at maximum capillary pressure. The classical network assumption
that capillary pressure extremums occur at pore and throat centres is inconsistent with the
direct numerical predictions shown in the figure.

angles in Fig. 3.6b, are not reflected in the macroscopic predictions in Fig. 3.5 — the GNM

correctly identifies when the throat or half-way point becomes a local maximum and selects

the appropriate threshold capillary pressure for displacement. Similarly, at wetting contact

angles (θ > 105○), where the pore-centres control the threshold pressure for displacement

and β reaches its maximum value, the calibrated GNM performs well, particularly at the

macroscopic scale (Fig. 3.5).

The exact nature of pore-filling is an interesting area of future research (Ruspini et al., 2017)

and quickly becomes complex due to the presence of connected throats and the spontaneous

formation of layers in wetting regimes, which alter the effective area of the interface (Eq. 2.1).

It is possible, however, to gauge the current accuracy of GNM capillary pressure estimates at

the pore-centres: Fig. 3.6 also shows the volume-of-fluid capillary pressure predictions when

the pores and throats first become occupied — that is, when the centre of the maximal balls

defining the pore and throat centres first become filled with the invading phase. The network

model agrees well with the direct method here, further validating that the capillary pressure

estimates from Eq. 2.2 and the updated β in Eq. 3.2 are accurate.
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Layer Sagittal Curvature and Snap-Off

The expansion and contraction of the pore space is clearly an important factor in piston-like

displacement, but in this section it is shown that the three-dimensional nature of real porous

media must also be considered for layer configurations. For any porous medium with corners

and crevices to its pore space, wetting layers will maintain connectivity even after the centres

of the pores and throats have been invaded by a non-wetting phase. If the wetting fluid is

re-injected, the layers will swell until the interfaces from two neighbouring corners meet. At

this point, which first occurs in the narrowest regions of the pore space, the fluid configuration

becomes unstable and the wetting phase rapidly fills the small region. This is the snap-off

process, which acts to disconnect and trap the defending, non-wetting fluid, and has important

implications for many two-phase flow processes. Therefore, correctly predicting the pressure

and saturation at which snap-off occurs is crucial.

Figure 3.8 shows the predicted total curvature for snap-off, using a variety of approaches, for

the 10○ and 20○ expansion geometries shown in Fig. 3.4. The curvature of a layer interface

in the axial plane with an arbitrary fluid-solid contact length is easily obtained from 2.3.

Classical network models rely solely on analytic solutions to Eq. 2.3 when calculating the

total curvature at which the three-phase contact point of two adjacent corners in a throat will

meet, and if the prevailing capillary pressure equals this critical value before a piston-like

interface has reached the throat, snap-off will occur. The two-dimensional analytic prediction

clearly overestimates the curvature at which snap-off occurs compared to the volume-of-fluid

predictions. In addition, the classical approach predicts the same critical curvature value in

both geometries, while the volume-of-fluid method predicts a decrease in the critical curvature

with increasing expansion angle. The physical meaning of this is that, in classical networks,

snap-off will occur at lower wetting saturations, or equivalently higher non-wetting residual

saturations, than in reality. Moreover, if two pore geometries are identical in their axial planes,

but vary in their sagittal planes — as in Fig. 3.4 — the predicted snap-off curvature in the

two media will be the same. The sole cause of this predictive inaccuracy is the classical

assumption that curvature in the sagittal plane is negligible and does not contribute to the

total curvature of a layer interface. In reality, fluid layers conform to the geometry of the pore
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space, which expands away from throat centres. In the sagittal plane, the geometric constraint

of an expanding medium results in fluid layers protruding into the centre fluid, with a negative

curvature, at the throat. This is shown schematically in Fig. 1.8l and in cross-sections from

direct simulations in Fig. 3.4. From Eq. 3.3, a negative sagittal curvature reduces the total

curvature, or capillary pressure, needed to achieve a given axial curvature — snap-off becomes

more difficult with increasing throat sagittal curvature, as predicted by the volume-of-fluid

method in Fig. 3.8.
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Figure 3.8: The predicted total curvature at which snap off occurs for the classical, two-
dimensional approach (blue), the volume-of-fluid method (green) and the GNM after imple-
menting sagittal curvature described in Section 3.2.2 (red).

After including throat sagittal curvature, as in Eq. 3.4 and with the optimised coefficient

c = 1.5 (Fig. A.2a), the GNM accurately predicts both the lower critical curvatures than

analytic solutions and the variation between expansion angles shown by the volume-of-fluid

simulations. However, underpinning the approach used in Section 3.2.2, and indeed other

approaches (Deng et al., 2014; Raeini et al., 2018), is the assumption that sagittal curvature

is defined solely by the geometry and is not a function of pressure. For a truly predictive

model it is not sufficient to only predict the threshold curvature for snap-off, based purely on

pore-space geometry — the effect of sagittal curvature on saturation must also be considered,

56



CHAPTER 3. REPRESENTATION OF FULLY THREE-DIMENSIONAL INTERFACIAL
CURVATURE IN PORE-NETWORK MODELS

as this is a curvature of the fluid-fluid meniscus, not the solid surface.
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Figure 3.9: Curvature at the throat centre as a function of wetting phase saturation Sw, for
the β = 10○ and β = 20○ geometries shown in Fig. 3.4, for a contact angle of 30○ through
the wetting layer. The total curvatures from the volume of fluid simulations are shown in
green (κV oF ), while the axial curvatures obtained using Eq. 2.3 throughout the volume-of-
fluid simulations are shown in blue (κV oF

a ). The difference between κV oF
a and κV oF gives the

sagittal curvature, shown in red (κV oF
st ). In each case, the end point represents the value

at snap-off. The magenta symbols represent the total curvature at snap-off obtained with
the GNM when: no sagittal curvature is considered, as in classical network models (κCNM);
only constant throat sagittal curvature is considered (No κsp κGNM); constant pore and throat
sagittal curvatures are considered (Const κGNM). The sagittal curvatures at snap-off associated
with the total curvatures obtained using the GNM are shown by the black symbols. Finally, the
GNM predictions for sagittal curvature after implementing the iterative method in Fig. 3.10
(Iter κGNM

st ) are shown in red, with the associated GNM total curvature predictions for snap-off
shown by magenta symbols (Iter κGNM).

Figure 3.9 shows the total, axial and sagittal curvatures at the throat, as a function of
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saturation, for the volume-of-fluid method. As expected, the total curvature decreases with

increasing saturation — the invading phase pressure rises causing the layers to swell toward

the centre of the pore space, increasing the wetting phase saturation, and the pressure

difference between phases reduces, decreasing the capillary pressure. As the capillary pressure

decreases, the curvature in the axial plane also decreases. However, it is again evident that the

classical assumption of total and axial curvature equivalency is incorrect; the axial curvature

is considerably larger than the total curvature for any given saturation. Furthermore, while

the total curvatures remain similar for the β = 10○ and β = 20○ geometries, the axial curvatures

are markedly different, with larger axial curvatures for a given wetting saturation in the 20○

sample — this arises as sagittal curvature suppresses the movement of layers in the axial

plane.

A variety of generalised network modelling predictions for saturation and curvature at snap-off

are also shown in Fig. 3.9. Without pore or throat sagittal curvature, the GNM threshold

curvature predictions reduce to that of a classical network: there is no difference in the thresh-

old total curvature predictions for the two expansion angles; the threshold total curvatures

are higher than predicted by direct simulations; and snap-off occurs at far lower wetting

saturations than in the direct simulations. If only throat sagittal curvature is included, the

GNM’s threshold curvature predictions improve dramatically, as shown in Fig. 3.8, but only

moderate improvements in wetting saturation at snap-off are observed in Fig. 3.9. While

throat sagittal curvature decreases the total curvature necessary for snap-off, allowing larger

volumes of wetting-phase to occupy the pore space before snap-off occurs, it is the pores which

have the largest control over saturation. If pore and throat sagittal curvature are included

in the GNM, with optimised coefficients (c, d) = (1.5,0.75) (Fig. A.2A), threshold predictions

agree well with the direct simulations.

The most interesting finding, however, is that the overall decrease in axial and total curvature

predicted by the volume-of-fluid simulations is not linear, but decreases asymptotically until

the critical axial curvature for snap-off is reached. This can only occur if the sagittal curvature

is not constant. In Fig. 3.9, the sagittal curvature is quantified for both geometries and

confirms all previous inferences: the sagittal curvature is negative, smaller in the 10○ than
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the 20○ geometry, and increases with increasing saturation, or decreasing capillary pressure.

The implication of the latter finding is that sagittal curvature cannot be modelled purely as a

function of solid geometry — as hitherto assumed — but rather depends on the morphology

of the fluid interfaces.

In Fig. 3.10, the method described in Section 3.4.2 is extended to allow the calculation of

sagittal curvature from interface morphology. Initially, layers are assumed to have a sagittal

curvature defined by the geometry. A capillary pressure is imposed on the network model

which defines the total curvature and, together with the initial sagittal curvature estimate,

gives the axial curvature. The centres of the layer interfaces in the axial plane are found

and used to define new circles (Fig. 3.10a), from which Eqs. 3.4 and 3.5 provide an updated

sagittal curvature. The iterative method is applied throughout the simulation (Fig. 3.10b) to

find consistent radial and axial curvatures of the fluid-fluid meniscus; it is the axial curvature

which will control when snap-off occurs. Per pressure increment, the method can either be

implemented iteratively, or as a single readjustment if the simulation pressure increment is

small. The latter approach is used here, as small changes in prevailing capillary pressure allow

finer comparison with volume-of-fluid results.

Figure 3.9 further shows predictions for sagittal curvature, and the total curvature at which

snap-off occurs, obtained using the GNM with the extended method of Fig. 3.10, with re-

optimised coefficients (c, d) = (3.5,3.0) (Fig. A.2b) pertinent to the iterative approach. The

semi-analytic approximations in Eq. 3.4 agree well with the direct solutions to Navier-Stokes

and Young-Laplace equations, for both geometries. Initially, there is larger disagreement

between the sagittal curvatures of the two models due to the GNM reaching lower initial

wetting-phase saturations compared to the volume-of-fluid method. Furthermore, the early

stages (∼ Sw = 0.1− 0.15) of the direct simulations represent the user-initialised invading phase

adjusting into equilibrium with the prevailing capillary pressure. Beyond Sw = 0.15, however,

the agreement in sagittal curvature is very good, and the total curvature and saturation

predictions at snap-off have only minor differences.
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Figure 3.10: An illustration of the iterative algorithm used to update the sagittal and axial
curvatures of a layer interface at the pore (top and bottom) and throat centres (middle).
Prior to injection, an initial guess for sagittal curvature is taken using the method described
in Section 3.4.2, with the three red points in (a) representing the points used to define the
circles in Figs. 3.2a and b. Upon injection, the prevailing capillary pressure and initial guess
for sagittal curvature are used to determine the axial curvature and hence the location of
interface centres, shown by the blue points in (a). Subsequently, the interface centres in (a)
comprise the points used to determine the updated sagittal curvature, shown by the red points
in (b). In turn, this provides new interface centres, shown by the blue points (b).

3.5.2 Macroscopic Parameters

The focus of the analysis thus far has been on local parameters. While it is useful to calibrate

network models on small samples, where comparison with high-resolution DNS is possible, the

real strength of network models lies in their potential to model flow through large domains,

with tens-to-hundreds of thousands of pores and throats. In Fig. 3.11, the effect of neglecting,

having a constant, or implementing an iterative sagittal curvature in the GNM is assessed

by comparing macroscopic capillary pressure and relative permeability predictions, for a

network extracted from a 10003 Bentheimer sandstone image, to oil-water two-phase flow

experimental results after waterflooding (Gao et al., 2017; Lin et al., 2018). The capillary

numbers in the experiments by Lin et al. (2018) and Gao et al. (2017) were 6.6×10−7

and 3.0×10−7, respectively, and macroscopic property measurements were made when the

differential pressure across the cores were stable. This indicates that displacement was
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Figure 3.11: Predicted macroscopic capillary pressures (Pc, top row) and relative perme-
abilities (kr, bottom row) for a water-wet Bentheimer sandstone using the GNM. Predictions
obtained by neglecting sagittal curvature (red) are shown in (a) and (b), whilst (c) and (d)
show a constant sagittal curvature (green). Figures (e) and (f) present GNM predictions using
an iterative method (blue) to determine sagittal curvature throughout the simulation. The
shaded areas represent the GNM’s sensitivity to contact angle, θ, and initial water saturation,
Swi: in each figure, GNM simulations span the range of simulations defined by Swi = 0.14±0.03
and θ = 48○ ± 5○. The black and magenta lines are pore-scale experimental results by Lin et al.
(2018) and Gao et al. (2017), respectively, and the error bars on the experimental capillary
pressure and relative permeability values indicate uncertainties in the measurements (Foroughi
et al., 2020).

capillary dominated in both experiments, and that measurements were taken in steady-state

conditions, where fluid configurations are mostly constant. As such, comparison with the

quasi-static GNM is possible. The shaded areas in Fig. 3.11 represent all GNM predictions

using a single value of contact angle assigned in the range [43○,53○], and an initial water

saturation after primary drainage in the range [0.11,0.17]. These ranges correspond to the

experimental measurements and associated uncertainties of thermodynamic contact angle

(Blunt et al., 2019) and initial water saturation obtained with differential imaging (Gao et al.,

2017). The coefficients of pore and throat sagittal curvature are unchanged from Section 3.5.1

are described in detail in Appendix A. Furthermore, an assessment of the impact that an

uncertainty in β would have on macroscopic predictions is presented in Appendix B.
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While all three approaches produce similar capillary pressure values — which lie within

the uncertainty of the experimental measurements — the predicted residual saturations are

lower if sagittal curvature is included in the GNM (Figs. 3.11a, c and e). The variation in

residual saturations is also evident in Figs. 3.11b, d and f, where significant differences in

relative permeabilities can also be seen. If sagittal curvature is completely neglected, snap-off

becomes easier and the residual non-wetting saturation increases beyond the range of the

experimental measurements (Fig. 3.11b). Furthermore, the experimental measurements of

capillary pressure shown in Figs. 3.11a, c and e were obtained during the intermediate water

fractional flows — imbibition concluded at a wetting saturation Sw = 0.62 (Lin et al., 2018),

which is under-predicted by the neglection of sagittal curvature in Fig. 3.11a. The exclusion

of sagittal curvature can, in part, explain why some studies have struggled to reproduce

the capillary trapping behaviour of experiments using network models, particularly if low

contact angles typical of strongly water-wet systems are assigned to the network (Valvatne and

Blunt, 2004; Pentland et al., 2010; Bondino et al., 2013; Raeini et al., 2015). In addition to an

over-prediction of residual saturation, as the axial curvature of layer interfaces accommodates

the entirety of any capillary pressure decrease, the oil and water relative permeabilities are

too low and too high, respectively — for a given pressure the layers are too thick, reducing

the conductivity of the phase occupying the centre (oil) while increasing the conductivity

of the layers (water). The inclusion of constant sagittal curvature, calibrated to replicate

volume-of-fluid total curvature predictions at snap-off (Fig. 3.8), has a noticeable improvement

on residual saturations and relative permeabilities, but not to an extent to agree with the

experiments (Fig. 3.11d). This is because the absolute value of sagittal curvature at a throat is

higher than the value at snap-off for the majority of the experiments, as shown by the DNS

results in Fig. 3.9, and so a constant sagittal curvature still overestimates the area of layers in

the throat axial-plane.

Employing the iterative method, with calibrated throat and pore sagittal curvature as in

Fig. 3.9, gives a good agreement between the GNM and experimental results (Fig. 3.11e

and f). The throat sagittal curvatures are initially large and negative, keeping layers further

towards corner vertices and resulting in low initial wetting phase permeabilities. Meanwhile,

62



CHAPTER 3. REPRESENTATION OF FULLY THREE-DIMENSIONAL INTERFACIAL
CURVATURE IN PORE-NETWORK MODELS

the centre-phase occupies a larger cross-sectional area and has a greater permeability than

in negligible, or constant, sagittal curvature methods. As the sagittal curvature increases

throughout the simulation, the suppression of layer movement in the axial plane lessens, but

still results in a far smaller residual than other methods, and overall the effect is a shift in the

relative permeabilities and capillary pressures to the right, in agreement with the experiments.

It is further evident from Figs. 3.11b, d and f that, whilst the iterative method leads to

substantial improvement in oil relative permeability, the water relative permeability at low

saturations shows notable discrepancy with experiments across all methods. This is due to

two factors: firstly, the pore-scale experiments in Fig. 3.11 were performed on long, narrow

cores with an assumed uniform saturation profile. However, pressure drop estimates from

narrow cores are prone to inaccuracies caused by local saturation heterogeneities, leading

to erroneously low relative permeabilities (Zhang et al., 2023). Secondly, pore-network

models commonly rely on empirical correlations based on two-dimensional finite element

predictions to compute centre and layer phase conductivity (e.g., Øren et al., 1998; Valvatne

and Blunt, 2004). While these correlations provide reasonable predictions, future work could

use three-dimensional data-driven methods to obtain more accurate correlations.

3.5.3 Computational Cost

The improvements in network model predictions achieved through the inclusion of pore-space

expansion (Eq. 3.2) and sagittal curvature (Eqs. 3.4 and 3.5) is evident from the results

presented in Figs. 3.5, 3.6, 3.9 and 3.11. A key trait of network models, however, is their

computational efficiency; any improvements in predictive ability should not sacrifice this

efficiency. It is important to note that direct simulations are not required to implement the

network model developments presented in this work; DNS were performed solely to measure

and improve the accuracy of the approximations on small synthetic systems, while no DNS

were performed to obtain the GNM results in Fig. 3.11. The computational costs of the

algorithms needed to implement the methods presented in this study scale linearly with

network size, which is negligible compared to the cost of determining network permeability,

the order of filling and phase connectivity. Thus, the methods presented here offer enhanced
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physical accuracy with minimal additional cost.

To demonstrate the retention of network model efficiency in the presence of a three-dimensional

representation of curvature, the DNS performed on the synthetic geometries in Figs. 3.3 and

3.4 took approximately two weeks using 88 cores in parallel. The GNM simulations performed

on the same geometries took less than five seconds using a single core on the same machine.

Furthermore, Fig. 3.11 represents 63 GNM simulations performed on an image of a real

medium. Each simulation, regardless of the curvature method, took approximately 30 minutes

using a single core. The simulations were scheduled to run on 5 cores in parallel, for a

total computational time of approximately 6.5 hours. In contrast, a single direct numerical

simulation on an image of this size would take on the order of weeks and would require ten

times the computational resources.
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3.6 Conclusions

In this chapter, a fully three-dimensional characterisation of interfacial curvature has been

implemented into a network model, which includes the sagittal plane in the computation

of displacement capillary pressures. The new expressions for displacement capillary pres-

sures were compared and validated against high resolution volume-of-fluid simulations on

synthetic geometries, constructed to vary in their sagittal planes. After validation, the effect

on macroscopic capillary pressure and relative permeabilities was analysed.

Direct simulations demonstrate that neglecting the expansion and contraction of the pore space

in a network model gives inaccurate predictions of threshold capillary pressure for piston-like

advance. After accounting for pore-space expansion, the network model results agreed well

with direct methods. Additionally, the conventional view of thresholds occurring exactly at

pore or throat centres, even for strongly-wetted systems, was challenged. The expansion of

the pore-space necessitates the consideration of intermediate regions as threshold points for

displacement in a network model, particularly for contact angles around 90○.

Similarly, the classical assumption that the curvature of fluid interfaces in the sagittal plane

is negligible proved incorrect. Direct simulations showed that snap-off predictions differ

substantially for systems that are axially identical but vary in their sagittal planes, while

quasi two-dimensional approximations employed in classical network models were unable to

replicate such behaviour. Treating curvature in the sagittal plane as a constant property defined

by the solid geometry improved the network predictions, but an iterative approach, which

considered the exact location of interfaces, more accurately replicated the direct simulations

for sagittal curvature.

Macroscopically, sagittal curvature has a large effect on residual saturation and relative

permeabilities. Without including sagittal curvature, the network model overestimated the

degree of snap-off, and hence residual saturations, and the wetting-phase relative permeability,

while underestimating the non-wetting phase relative permeability, compared to experiments.

This has important implications for a range of phenomena. For instance, accurate assessment

of the efficacy of CO2 storage relies on predictions of residual saturations. Without including
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sagittal curvature, overestimates of trapping are inevitable. Likewise, in the construction of

fuel cells, it is necessary to design optimum transfer of fluid through the gas diffusion layer

and adjacent bipolar plate (e.g, Okonkwo and Otor, 2021; Zhang et al., 2021) — without

a consideration of sagittal curvature, relative permeability predictions are likely inaccurate.

Similar to local property analysis, the iterative approach to modelling sagittal curvature gave

good agreement with experimental results.

Importantly, macroscopic predictions of three-dimensional effects were obtained from simula-

tions derived from a 10003 voxel image of a Bentheimer sandstone at a resolution of 3.58µm,

which is of sufficient size to be considered representative of larger samples (Ramstad et al.,

2010; Mostaghimi et al., 2013) used in core-scale experimental measurements of relative

permeability. This indicates that the network model developments could have tangible conse-

quences for larger Darcy-scale and field-scale simulations — relative permeabilities are known

to be a sensitive input parameter for field-scale models (e.g, Li and Horne, 2008), and the

impacts shown in Fig. 3.11 could be large enough to influence field-scale predictions.

In the next chapter, the improved GNM will be compared to lattice-Boltzmann simulations

of two-phase flow across a range of wettabilities. The analysis will highlight the strengths

that network modelling possesses over direct methods in capturing wettability-dependent

phenomena.
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CHAPTER 4

PORE-SCALE MODELING OF TWO-PHASE FLOW: A

COMPARISON OF THE GENERALIZED NETWORK

MODEL TO DIRECT NUMERICAL SIMULATION

The contents of this chapter have been published in Giudici et al. (2023b).

4.1 Overview

In this chapter, oil-water two-phase flow simulations from the updated generalized net-

work model are compared to predictions from a recently developed colour-gradient lattice-

Boltzmann model (Akai et al., 2018, 2020b). The comparison encompasses both macroscopic

(capillary pressure) and local (saturation and occupancy) properties. A quantitative, pore-

by-pore analysis of the models is then presented for a Bentheimer sandstone and a synthetic

beadpack, covering a full range of wetting states, in addition to comparisons with experimen-

tal data for Bentheimer sandstone. Overall, this chapter provides insights into the relative

strengths and shortcomings of each approach, and seeks to understand the impact that wetta-

bility can have on displacement by analysing the difference in pore-scale behaviour between

the GNM and higher fidelity approaches.

4.1.1 Direct Numerical Simulations and Samples

Two-phase flow predictions obtained with the GNM are compared to those generated in Akai

et al. (2020b) using a recently developed lattice-Boltzmann model (LBM). Below, the method

used to obtain LBM predictions is briefly described; for a complete treatment of the reader is

referred to Akai et al. (2018).
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Figure 4.1: The pore-volume weighted radius distributions for throats (a) and pores (b).
In (c), the frequency distribution of expansion angles (β) is shown. The red bars represent
Bentheimer and the blue bars represent the synthetic beadpack.

Two-phase flow simulations on two 2883 voxel samples — a synthetic beadpack and a micro-CT

imaged Bentheimer sandstone, both with a voxel size of 3.58 µm — were performed using a

colour gradient lattice-Boltzmann model by Akai et al. (2020b). Although small, this size is

likely large enough to be considered a representative elementary volume for a Bentheimer

sample (Ramstad et al., 2010; Mostaghimi et al., 2013) and hence also for the beadpack, as its

pore space is more homogeneous than Bentheimer.

The pore-radius distribution for both samples is shown in Fig. 4.1. Initially, drainage simula-

tions were performed with a uniform contact angle, θ, of 45○ by increasing the oil pressure,

relative to the water pressure, and applying constant pressure boundary conditions at the inlet

and outlet. Following primary drainage, water injection was simulated for three wetting states

in each sample: uniformly water-wet (WW, θ = 45○), uniformly oil-wet (OW, θ = 135○), and

a mixed-wet (MW) state exhibiting a non-uniform allocation of contact angle — the contact

angle assigned at the start of waterflooding was positively correlated with the oil saturation of

pores after drainage, mimicking wettability alteration in realistic settings. The contact angles

assigned after drainage in the MW case ranged from 45○ to 165○, with a volume-weighted aver-

age of 90○. Each waterflood was initiated from the same drainage simulation. All simulations

were in a capillary dominated regime, with an average capillary number Ca < 10−5 during the

displacements.

Using a no-slip boundary condition, at least three grid blocks are required at the solid-wall to

capture fluid layers using DNS. Furthermore Zhao et al. (2020) suggested that at least 10 grid

blocks across the diameter of a throat are needed for LBM Pc predictions to lie within 5% of
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analytic values, and insufficient mesh resolution has an adverse effect on relative permeability

predictions (Kohanpur et al., 2020). The grid size used in the simulations here was 3.58 µm.

Figure 4.1 shows that the volume-average pore and throat diameter (µm) is 66 and 28 for

Bentheimer, and 76 and 38 for the beadpack, respectively. With a grid size equal to the voxel

size of 3.58 µm these values correspond to ∼ 10 grid blocks per throat and ∼ 20 grid blocks per

pore. Note that this is the volume-average resolution – some throats in Fig. 4.1 will have fewer

grid blocks per diameter, particularly for Bentheimer. In this work, experimental capillary

pressures will be presented to validate model predictions and, to avoid resolution errors,

pore-by-pore analysis excludes the throats. The main implication, however, is that layer flow

cannot be simulated by the LBM at this resolution.

For many media, particularly if the structure and porosity are heterogeneous, the representative

size may be cubic millimetres or centimetres in volume. Achieving micrometre resolution

in such volumes is extremely demanding, leading many studies to omit small-scale features

in more complex media (e.g., Ramstad et al., 2010; Porter et al., 2009; Leclaire et al., 2017;

Boek et al., 2017). As shown later, this omission can have significant impacts on macroscopic

predictions of trapping and pore-by-pore displacement characteristics.
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4.1.2 Assignment of Contact Angle

Figure 4.2: The steps implemented to obtain a spatial match in wettability between models.
The pore regions identified by Akai et al. (2020b) are shown in A. The generalized network is
shown in B, with the pore centres represented by black squares in C. Finally, each pore centre
in C is mapped to a pore region in A, shown in D. After mapping, wettability assignment is
easily transferred between models.

The generalized network extraction algorithm differs from the method used in the LBM

study by Akai et al. (2020b) to identify pores. In the water-wet and oil-wet cases this is

inconsequential as the wettability assignment is uniform. The mixed-wet cases, however,

require a spatial match in contact angle. This is achieved by implementing the steps shown in

Fig. 4.2. A generalized network is extracted from the images used in Akai et al. (2020b). The

pore centres in the generalized network model are then overlaid onto the pore regions used in

the LBM study. Finally, the contact angle associated with each pore-region in the LBM study

is mapped to the pore-centre(s) of the network model. In this way, the spatial distribution

of contact angle is matched as closely as possible between models — Fig. 4.3 compares the

distribution of contact angles as a function of pore-volume, in the mixed-wet case, for both

samples. The distributions are similar, with only a 1○ and 2○ difference in the volume-weighted

average of contact angle for Bentheimer and the beadpack, respectively.

Network flow simulations were performed after the contact angle was assigned pore-by-pore to

closely match those of the LBM study, and a series of macroscopic and pore-by-pore comparison

measures were implemented on the model predictions.
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Figure 4.3: The contact angles assigned to the pore volume of the mixed-wet case, prior to
waterflooding, for the GNM and the Akai et al. (2020b) LBM study (pale bars outlined in
black). The volume-weighted average contact angle is 90○ in the LBM study while it is 91○ and
92○, for the Bentheimer and beadpack respectively, in the GNM.

4.1.3 Comparison Measures

To compare the higher fidelity DNS model and the GNM, a series of qualitative and statistical

measures are implemented on both a macroscopic and a pore-by-pore basis, explained below.

Macroscopic Mismatch

Capillary pressure (Eq. 1.9) is used to qualitatively determine the similarity between the

two modelling approaches at a macroscopic scale. Capillary pressure is dependent on pore

geometry, wettability, saturation and the invading phase history (capillary pressure hysteresis).

Hence, differences in Pc provide important insights into pore-scale displacement. The capillary

pressure for drainage and each waterflood, for both models, are shown for Bentheimer and the

beadpack. For the Bentheimer sandstone, experimental observations for drainage, water-wet

waterflooding (Lin et al., 2018) and mixed-wet waterflooding (Lin et al., 2019) are presented
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for comparison, with an updated quantification of uncertainty by Foroughi et al. (2020).

Another macroscopic measure used is the Pearson correlation coefficient, r, which is a measure

of the linear relationship between two datasets and is defined as:

r =
∑

n
i=1(ψa

i − ψ̄
a)(ψb

i − ψ̄
b)

√
∑

n
i=1(ψa

i − ψ̄
a)2
√
∑

n
i=1(ψb

i − ψ̄
b)2

r ∈ [−1,1], (4.1)

where ψa
i and ψb

i are the ith members of two datasets, a and b, with mean values ψ̄a and ψ̄b,

and n is the sample size. The Pearson correlation coefficient between saturation and radii,

and occupancy and radii, is calculated at the end of drainage and each waterflooding cycle for

the LBM predictions (rLBM), and compared to the correlation coefficients calculated for the

network model predictions (rGNM) when the mean difference in the models’ pore-saturation is

zero (detailed in Section 4.1.3) and the wettability is the same. This comparison determines the

degree to which the models agree in terms of their invasion behaviour — similar coefficients

indicate agreement in the invasion trends (i.e, are large or small pores preferentially filled)

and in variance of the prediction. A value of −1 indicates perfect negative correlation and a

value of 1 indicates perfect positive correlation, while 0 indicates no correlation. As wettability

assignment is equal in both models, a large disparity in the Pearson correlation coefficient

reflects differences in the invasion algorithm and treatment of pore-space geometry.

Finally, the residual saturation after waterflooding, Sor, is primarily controlled by the amount

of trapping due to snap-off and the presence of flow through layers, which in turn are

controlled by the wettability of the system. It has important implications for oil recovery and

CO2 trapping (Andrew et al., 2014a; Krevor et al., 2015). Sor as a function of wettability is

presented as a measure of the macroscopic differences manifesting from the treatment of

small-scale phenomena and model resolution.

Pore-by-Pore Mismatch in Occupancy and Saturation

LBM predictions at the end of drainage and the end of waterflooding are first mapped onto

pore-network elements, in a similar fashion to contact angle (Fig. 4.2), enabling pore-by-pore

comparison between models. The mean difference (∆̄) and mean absolute differences (∣∆̄∣)
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between model predictions for occupancy and oil saturation (the fraction of the volume of a

pore filled with oil) are then calculated, as in Raeini et al. (2019):

∆̄ψ =
∑

n
i=1wi(ψa

i −ψ
b
i )

∑
n
i=1wi

(4.2)

∣∆̄∣ψ =
∑

n
i=1wi ∣ψa

i −ψ
b
i ∣

∑
n
i=1wi

(4.3)

where ψ represents any flow parameter, such as saturation or occupancy, for two data sets

a, b while wi is a weighting factor — chosen here to be the pore volume. Equation 4.2 can

be considered the difference in the average, upscaled flow parameter, as local differences

between models can cancel, while Eq. 4.3 represents a true pore-by-pore difference — it is the

normalised sum of pore-by-pore discrepancy. A difference here indicates disagreement in the

models’ invasion algorithms, pore-space geometry and incorporated physics — as in Eq. 4.1

— but provides a direct measure of the local disagreements. Both pore-by-pore comparison

measures are determined when the mean difference in pore saturation (Eq. 4.2) between the

GNM and the end of LBM drainage, or waterflooding, is zero (Fig. 4.4).
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Figure 4.4: The method used to establish the comparison points between two models. Flow
simulations of four regimes are compared: primary drainage (DR) and water-wet, mixed-
wet and oil-wet waterflooding (WW, MW and OW, respectively). In each simulation, the
total water saturation of the GNM network (SGNM

w ) is increased incrementally by 1%. At
each saturation increment in the GNM, the mean difference in pore saturation of oil (∆̄So)
between the prevailing state of the GNM network and the end state of the LBM is calculated
(Eq. 4.2). The total network saturations at which the two models are compared is given by the
intersections of the lines with ∆̄So = 0 — for each wetting regime, the models are compared
when their mean pore saturations are equal.
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4.2 Results and Discussion

In Section 4.2.1 the GNM and LBM are quantitatively compared at the macroscopic scale, using

the methods described in Section 4.1.3, to determine the average behaviour of each model.

Experimental measurements of capillary pressure in Bentheimer (Raeesi et al., 2014; Lin et al.,

2018, 2019) are also used to aid macroscopic comparison. Subsequently, in Section 4.2.2, the

local differences between models are analysed using the methods described in Section 4.1.3.

4.2.1 Macroscopic Comparison

In the context of reservoir simulation, the two major upscaled flow-properties needed as an

input into field-scale models are capillary pressure and relative permeability. Any modelling

approach intended for practical use needs to accurately reproduce these properties. The

focus here is on the former of these properties, as an analysis of relative permeability was

not performed by Akai et al. (2020b). The wettability of the models is matched on a pore-

by-pore basis; differences in Pc are due to representation of the pore-space geometry or the

dynamics of the invasion. Akai et al. (2020b) compared their LBM results against a water-

wet experiment by Raeesi et al. (2014), in which capillary pressure was measured using the

porous-plate method. Their comparison showed good agreement with the experiment, slightly

overpredicting drainage and underpredicting imbibition capillary pressure. A comparison

between GNM, LBM and experimental capillary pressures – obtained with the porous plate

(Raeesi et al., 2014) and micro-CT image curvature measurement (Lin et al., 2018, 2019)

methods – is shown in Fig. 4.5.
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Figure 4.5: Capillary pressure (Pc) comparison between the LBM (dotted lines) and the
GNM (solid with dots), for a beadpack and Bentheimer sandstone. In each plot, the colours
distinguish primary drainage and water-wet, mixed-wet and oil-wet waterflooding (DR, WW,
MW and OW, respectively). For the Benthiemer, experimental results (EXP) from Raeesi et al.
(2014), Lin et al. (2018) and Lin et al. (2019) are superimposed with error bars indicating the
uncertainty in the measurements (Foroughi et al., 2020).

The LBM shows an initial water saturation (Swi) after primary drainage of 27% and 16%,

for Bentheimer and the beadpack respectively. Experimental observations, however, exhibit

around Swi = 10% for Bentheimer and Swi = 6 − 10% for a packing of smooth beads (Morrow,

1970b), although the presence of surface roughness can reduce this to Swi = 1% or less (Dullien

et al., 1989) — far lower than predicted by the LBM. In contrast, the GNM reaches lower Swi’s

than LBM — less than 5% in both samples — and better agrees with experimental findings.

The cause of this discrepancy is the computational difficulty for LBM, and indeed all direct

numerical simulations, to perform simulations at a resolution necessary to capture layer flow.

Without wetting layers to sustain water-connectivity to the outlet throughout drainage, the

wetting phase becomes surrounded and trapped.

The resolutions needed to capture layer flow (a minimum of three grid blocks) significantly

increases simulation time, and the flow rates necessary to simulate layer flow may result in

viscous-dominated behaviour. While high performance computing is extensively used in LBM
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studies, providing the means to capture layers, each simulation still typically takes on the

order of days to weeks to complete. For reference, each GNM drainage-waterflood cycle shown

in Fig. 4.5 took 1 minute using a single core with a clockspeed of 2.30GHz and a floating

point operations per second (FLOPS) rating of 3.6GFLOPS. In contrast, the LBM simulations

— without layers — took on the order of two weeks using 128 cores with a clockspeed

of 2.5GHz and a numerical performance rating of 3.1GFLOPS per core. This corresponds

to approximately six orders of magnitude difference in computational time between the

generalized network model and the LBM.

Due to these computational challenges associated with direct simulations, layer flow is often

omitted from LBM studies, leading to an overestimation of trapped water saturation after

primary drainage. It is important to emphasise that the remaining water is truly trapped — it

is not connected to the outlet via wetting layers, as seen in experiments (Lenormand et al.,

1983; Datta et al., 2014; Andrew et al., 2015). In comparison, the generalized network model

is able to simulate complete primary drainage; the wetting phase remaining in the network

following drainage is rarely disconnected from the outlet as thin wetting layers maintain

connectivity, even at very high capillary pressure, through the corners of the pore space. As

layers are conceptually incorporated, rather than explicitly modelled, their inclusion comes at

little extra computational cost and the resolution is the same as the precision of the hardware

used for the simulation.

The oil-wet case in Fig. 4.5 shows large Pc discrepancy between the GNM and LBM predictions,

in both the Bentheimer and beadpack, for the majority of the displacement. This is related to

the inability of the LBM to reach low initial saturations at this resolution, as explained above.

During drainage, oil preferentially invades the pore space in order of size, from largest to

smallest, in accordance with growing capillary entry pressure (Blunt, 2017). The smallest

regions of the pore space are the most difficult to invade — only a high capillary pressure can

push the non-wetting phase into these regions. In the LBM, the wetting phase will never leave

these regions. The non-wetting phase will find other, easier paths and leave the wetting phase

trapped and disconnected in small crevices. Subsequently, an oil-wet wettability alteration

occurs and water is injected, which has now replaced oil as the non-wetting phase. The pore
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space is once again invaded in decreasing order of size. However, in the LBM, the smallest

regions — those which require the highest water pressure, and hence the most negative

capillary pressure — remain occupied with water. Thus the non-wetting phase (water) can

span the system without displacing through narrow, high entry-pressure regions. In the GNM,

this is not the case. The capillary pressure and connectivity necessary to fully drain the

sample during primary drainage are achievable, resulting in the smallest regions of the pore

space becoming occupied with the non-wetting phase. Subsequently, injected water must

displace oil from these narrow regions if it is to span the system. The capillary pressure

immediately reaches large, negative values to achieve this. The narrow range of pore-size

distribution shown in Fig. 4.1 accounts for the flat capillary pressure throughout the remaining

displacement — once the narrowest region is invaded, the non-wetting phase pressure is

sufficient to percolate through the rest of the system.

The mixed-wet case in Fig. 4.5 reveals insights into the nature of displacement in both models.

Both models show good agreement within ∼ 40 − 70% water saturation, beyond which the

impact of oil-layer flow becomes apparent, as discussed later. Indeed, for Bentheimer, both

models lie within the uncertainty of experimental observations (Lin et al., 2019) during inter-

mediate saturations, with the GNM closer overall. However, the key observation highlighting

the differences between the models lies in the early stages of displacement, Sw < 40%. The LBM

shows an almost vertical decrease to negative capillary pressure at the start of waterflooding

— there is little spontaneous displacement and the invading phase must be forced into the

pore space. From the contact angle distribution (Fig. 4.3) it is evident that there are water-wet

regions of the pore space. Indeed, the GNM predicts significant spontaneous displacement

at positive capillary pressures and spontaneous imbibition in mixed-wet samples has been

experimentally observed (Gao et al., 2020). The cause of this difference is again the absence

of wetting layers connecting trapped water to the inlet at the end of drainage, mentioned

previously.

Upon injection of water, wetting layers swell throughout the pore space until their arc menisci

reach a critical radius of curvature, beyond which the narrowest, water-wet regions of the

pore space are spontaneously filled. These narrow regions of the pore space can then act
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as nucleation points for displacement in adjacent, less water-wet pores and throats. This is

ordinary percolation invasion (Blunt, 2017). The LBM, however, is not able to access these

water-wet regions of the pore space. Invasion must progress as invasion-percolation, in which

elements are only invaded if they are connected to the inlet through the centre of the pore

space. As much of the pore space in the mixed-wet case has experienced wettability alteration

and displacement is invasion percolation-like, to form a connected pathway across the sample,

oil-wet regions of the pore space must be invaded, causing the capillary pressure to become

negative. The difference in percolation behaviour is evident from Fig. 4.6, which shows the

contact angle of newly invaded regions as a function of saturation.

The contact angles in this study are known exactly and are spatially matched in both models

(Fig. 4.2), allowing in-depth pore-by-pore analysis. Both models in Fig. 4.6 show general

agreement in their average behaviour (solid lines), with more water-wet regions invaded

before oil-wet; however the range of contact angles invaded is significantly different. For

Sw < 60%, the GNM predicts that displacement predominantly occurs in the more water-wet

regions of the pore space, accounting for displacement at positive capillary pressure in the

network model shown in Fig. 4.5. The most oil-wet regions are not invaded until the final

stages, for water saturations above ∼ 60%.

In the LBM, however, the invading phase has no choice but to push through oil-wet regions as

it cannot percolate into water-wet regions without a terminal menisci first reaching them, as

shown by the immediate increase in the average contact angle invaded followed by a sharp

drop shown in Fig. 4.6. This fluctuating behaviour is seen throughout the LBM simulations,

and is most apparent in the Bentheimer sandstone due to its lower pore-space connectivity. In

addition, the LBM exhibits a consistently higher invaded maximum contact angle until the

final stages of waterlooding — the most oil-wet regions are always invaded, regardless of Sw,

whereas these regions are bypassed in the GNM as favourable water-wet regions are accessible

via wetting layers.

The apparent absence of ordinary percolation-like behaviour in the LBM could have important

implications for future modelling of mixed-wet systems. While direct numerical simulations

are undoubtedly successful for high resolution, physics-based studies of flow using massively
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parallel processing, time and resource-efficient simulations with true predictive capability for

mixed-wet systems — able to incorporate small-scale flow phenomena and the associated

displacement phenomena on representative sample sizes — may be better suited to network

modelling.
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Figure 4.6: The contact angles of newly invaded elements during waterlooding in the mixed-
wet case as a function of water saturation (Sw). The generalized network model is shown
in blue in the top row, while the lattice-Boltzmann model is shown in red in the bottom row.
In each figure, the boxes represent the interquartile range of contact angles invaded at each
simulated saturation step, while the whiskers span the range of contact angles invaded. The
solid lines represent the arithmetic-average of the invaded contact angles.
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Thus far, the macroscopic comparison has highlighted differences caused by the absence

of wetting layers in the LBM at the resolution of the simulations. However, wettability

alteration can also cause the formation of oil layers in the corners of the pore space, as seen

experimentally (Singh et al., 2016). At the end of drainage, water is retained in the corners

of the pore space and exists as wetting layers, while the solid surface bounding the centre of

a pore region is contacted by oil and subject to wettability alteration (Kovscek et al., 1993).

During waterflooding, water (now the non-wetting phase) occupies the centre of the pore

space and leaves oil as a stable layer between the water occupied corners and centre. These

layers allow the oil to escape even if the centre of the pore space is blocked. The stability of

oil layers is determined by the pore geometry and the initial water saturation — angular pore

spaces with lower initial water saturation have thicker, stabler oil layers — but in general their

existence allows altered wettability media to reach low residual oil saturations.

Figure 4.7 shows the residual saturations predicted by both models for both samples. The

beadpack has a better connected pore space and shows lower residuals than Bentheimer,

but the network model predicts far lower residuals than the LBM in both samples. The

principal reason for this is the inclusion of oil-layer flow in the GNM. While it is true the GNM

waterflooding simulations begin with a lower Swi, and hence stable oil-layer flow throughout

the simulation is expected, the impact of wettability alteration on residual oil is entirely

missed by the LBM due to the computational constraints of modelling small-scale features

with a resolution of 3.58 µm. In the beadpack, the LBM predicts minimum trapping of oil to

occur for the water-wet case. Cooperative pore-body filling dominates in water-wet scenarios,

leading to efficient sweep of the non-wetting phase out of the medium, and without the

presence of wetting layers to facilitate snap-off there will be minimal trapping. For mixed-wet

(without ordinary percolation) and oil-wet conditions, piston-like advance is dominant and

the finger-like growth of the invading phase can trap large clusters of the defending phase

in small regions. The manifestations of these displacement processes is not evident in the

LBM Bentheimer predictions in Fig. 4.7 because the pore space is not as well connected —

if a few key throats are invaded, the exit of oil will be blocked, while in the beadpack there

will still be pathways to escape — and hence there is little variation in LBM Bentheimer
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residuals as wettability changes from water-wet to mixed and oil-wet states. The GNM

does capture the effect of oil-layer flow and the varying displacement dynamics, predicting

that the residual oil saturation decreases with an increase in average contact angle, as seen

experimentally (Salathiel, 1973; Herring et al., 2016; Alyafei and Blunt, 2016). It is important

to note that, while the LBM is a dynamic simulation, the average capillary number throughout

the simulations was on the order of 10−5. In addition, each capillary pressure increment

was maintained until a capillary number of 10−6 was reached (Akai et al., 2020b). These

capillary numbers indicate that the majority of displacement in the LBM occurred in a capillary

dominated regime, minimising the impact of viscous effects on residual saturations.
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Figure 4.7: Residual oil saturations (Sor) after waterflooding predicted by the GNM (circles)
and LBM (triangles) for the simulated water-wet, mixed-wet and oil-wet wettabilities (WW,
MW and OW, respectively).

The inclusion of layer-flow has a clear impact on the nature of pore-scale displacement and

the model predictions thus far, but at a macroscopic level it is useful to determine whether the

models observe similar displacement sequences — that is, do the models predict the same fluid

movement in the pore space. Despite the shortcomings of LBM, it is mathematically closer to

a first-principles approach than network modelling and hence it is important to ensure the

semi-analytic approximations present in the GNM reproduce the upscaled-behaviour of direct
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methods. Figure 4.8 compares the Pearson correlation coefficients of radius with occupancy

and oil saturation for both models, with the dotted blue line corresponding to an exact

agreement. Both models indicate strong, positive correlation of occupancy and saturation with

radius during drainage and water-wet waterflooding, as observed experimentally (Roof , 1970;

Scanziani et al., 2018; Gao et al., 2020). Likewise, both models agree in the mixed-wet case

where only a slight positive correlation in occupancy and saturation with inscribed radius is

present, again as confirmed experimentally (Scanziani et al., 2020; Gao et al., 2020). Little

correlation is expected as the volume-averaged contact angle is 90○, with a range of contact

angles above and below as shown in Fig. 4.3, and hence both imbibition and drainage are

occurring simultaneously. Although small, the observation of positive coefficients in the mixed-

wet cases can be explained as follows: during drainage, oil will occupy the largest regions of

the pore space first. This will result in a positive correlation of saturation with radius at the

end of primary drainage, as shown in Fig. 4.8. The degree of wettability alteration in both

models is akin to that seen in experiments: pores highly saturated with oil experience stronger

wettability alteration. Thus, at the beginning of waterflooding, large pores are occupied

with oil and are more oil-wet than small pores, which retain more water and experience less

alteration. It is almost always easier for water to invade the smaller, water-wet regions rather

than the larger, oil-wet regions (Fig. 4.6) resulting in a positive correlation of oil-occupancy

and saturation with radius. This behaviour has also been noted experimentally (Rücker et al.,

2020). In the oil-wet case, if the oil-wet state is considered analogous to drainage with the

invading and receding phases swapped, a negative correlation of occupancy and saturation

with radius is again self-explanatory and has been observed experimentally (Alhosani et al.,

2020b). In summary, Fig. 4.8 indicates that the GNM exhibits the same upscaled behaviour as

the LBM and experiments.
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Figure 4.8: The Pearson correlation coefficients, r (Eq. 4.1), of occupancy and oil-saturation
with radius as predicted by the GNM and LBM models after primary drainage and water-wet,
mixed-wet and oil-wet waterflooding (DR, WW, MW and OW, respectively). Triangles and
circles represent predictions for the beadpack and Bentheimer, respectively, and the colour of
the data points corresponds to their wettability.

4.2.2 Pore-by-Pore Comparison

The pore-scale configuration and connectivity of fluids ultimately controls the upscaled macro-

scopic properties of interest to field-scale simulations. The exact pore-scale configuration of

fluids is not even completely reproducible between repeat experiments on the same sample

(Raeini et al., 2019) — the mean and mean absolute difference for simple sandstones and

carbonates can be as large as 8% and 17%, respectively. These pore-by-pore discrepancies

therefore represent the closest agreement between model and experiment possible with the

use of experimental constraints on input parameters. However, repeat experiments closely

agree in upscaled properties and thus it is assumed that if the mean and mean absolute

differences between model and experiment — or indeed two models — are similar to the

discrepancy between repeat experiments, the upscaled properties should also be similar. For

instance, the GNM showed moderate pore-by-pore agreement with water-wet experiments

in both Bentheimer sandstone (Andrew et al., 2014b; Gao et al., 2017) and Ketton limestone

(Andrew et al., 2014b; Singh et al., 2017), with a mean difference of ∼ 10% and a mean
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absolute difference of ∼ 30% (Raeini et al., 2019), while upscaled predictions agreed well

with experimental measurements in water-wet Bentheimer (Raeini et al., 2018; Giudici et al.,

2023b).

Figure 4.9 shows the mean difference in pore occupancy between the GNM and LBM as a

function of wettability, while Fig. 4.10 shows the absolute difference in pore occupancy and

saturation as a function of wettability, for both the Bentheimer and beadpack samples. The

mean difference in saturation (not shown) is zero, as outlined in Fig. 4.4. To quantitatively

assess the absolute differences between modelling approaches, a reference is needed. The

expected absolute difference in oil saturation between two networks randomly saturated with

a fraction, So, is given by (Foroughi et al., 2020):

E (∣∆̄∣So) = 2So(1 − So). (4.4)

Equation 4.4 is used to normalise the absolute values of saturation obtained using Eq. 4.3.

However, two identical media with the same mean saturation (Fig. 4.4) do not necessarily

have the same occupied fraction, p. Thus, for two identical media A and B, the expected

absolute difference in occupancy assuming random filling is given by:

E (∣∆̄∣α) = pA(1 − pB) + pB(1 − pA), (4.5)

where pA and pB represent the fraction of occupied elements in A and B, respectively. The

absolute differences in occupancy presented in Fig. 4.10 are normalised by Eq. 4.5.

The mean difference in pore occupancy shown by Fig. 4.9 is small and consistent with

experimental comparisons. Physically, this means that the GNM predicts the average, upscaled

occupancy to within 11% of both a higher fidelity LBM and experimental observations — all

three approaches agree. It is evident that the mean differences are positive, which indicates

that more of the pore space is occupied with oil in the GNM for any given water saturation.

This is a direct manifestation of the nature of displacement in the two models: in the GNM,

a change in saturation can arise from a change in volume of the wetting layers, leaving the

occupancy unaltered. In the LBM, however, the absence of wetting layers results in pore
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Figure 4.9: The mean difference (Eq. 4.2) in occupancy (∆̄α) between the GNM and LBM
for all simulations performed. The colours indicate wettability, while circles and triangles
represent the Bentheimer and beadpack respectively.

occupancy accommodating saturation changes. This discrepancy in model behaviour is also

shown in the mean absolute differences (Fig. 4.10), where there are a number of observations

to note.

Firstly, the normalised mismatch in predictions decreases with increasing contact angle in

both samples. This observation is due to the relative prevalence of ordinary percolation in

combination with the order of filling, and is closely linked to the findings shown in Figs. 4.6

and 4.9: invasion is limited to invasion percolation in the LBM, and saturation changes

cannot be attributed to wetting layers. In water-wet regimes, filling proceeds in order of

increasing size in an ordinary percolation-like manner, while wetting layers are rarely pinned

and can easily swell to allow an increase in wetting saturation before a change in occupancy

occurs. The GNM can reproduce this behaviour, while the LBM is limited to piston-like

displacement and cooperative pore-filling of regions that are directly connected to the inlet,

and all saturation changes occur due to the complete filling of regions in the pore space. In
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Figure 4.10: A comparison of the absolute differences (Eq. 4.3) in pore occupancy (∣∆̄∣α) and
pore oil-saturation(∣∆̄∣So) between models, normalised by the expected absolute differences
(Eqs. 4.4 and 4.5), after primary drainage and water-wet, mixed-wet and oil-wet waterflooding
(DR, WW, MW and OW, respectively). The circles and triangles represent the Bentheimer and
beadpack samples, respectively.

addition, oil is preferentially retained in the largest regions of the pore space (Fig. 4.8), where

discrepancies have the most significant contribution to volume-weighted absolute differences,

further exacerbating the mismatch.

In the mixed-wet case, ordinary percolation still occurs in the water-wet regions, but is overall

less prevalent than in the water-wet case; displacement in the oil-wet regions is controlled by

simpler, invasion percolation-like behaviour. Furthermore, in the oil-wet regions of the GNM,

wetting layers become pinned and cannot accommodate wetting-phase saturation increases

as easily as in water-wet regions: changes in saturation are more likely due to a change in

occupancy, as in the LBM, contributing to lower mismatch than in the water-wet cases. As

the pore-by-pore contact angle is assigned based on the oil saturation after primary drainage,

and oil saturation is positively correlated with radius (Fig. 4.8), it follows that the more

predictable oil-wet regions account for the largest pores in the system and thus reduce the

volume-weighted discrepancies shown in Fig. 4.10 further. This is explored in more depth in

Fig. 4.11, discussed later.

In the oil-wet scenario, invasion percolation dominates, with filling purely in decreasing
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order of size, and the two models exhibit lower mismatch because of this simpler behaviour,

particularly in occupancy where the smallest pores are likely to remain occupied but have less

contribution to volume-weighted differences. The exception to the observation of decreasing

mismatch with wettability is the relative saturation mismatch for the oil-wet Bentheimer,

which shows larger discrepancy due to the presence of oil-layers remaining stable in the

angular pore space, whereas the less angular pore space of the beadpack is not conducive to

their formation.

Secondly, the relative absolute discrepancies in predictions for the Bentheimer sample are

generally larger than for the beadpack. This is an interesting finding: Raeini et al.’s (2019)

comparisons of the GNM to experiments, and indeed uncertainty quantification between

repeat experiments, showed higher mismatch in a Ketton sample (comparable in resolvable

pore morphology to a beadpack) over a Bentheimer sandstone. Possible explanations for the

greater disagreement in Bentheimer shown here could be that: i) there is a larger difference

in Swi between the GNM and LBM for Bentheimer; ii) the effective resolution is greater in the

beadpack and iii) Bentheimer has a more angular pore space.

Initial water saturation has been shown to be a sensitive parameter in pore-by-pore predictions

(Raeini et al., 2019) and so it is expected that a larger difference in initial condition could

result in larger differences toward the end of waterflooding, however the effect of this is

mitigated to a certain extent through normalising by Eqs. 4.4 and 4.5 — Fig. 4.10 shows similar

discrepancy for both samples at the end of drainage but large differences in discrepancy after

waterflooding. Fig. 4.1, however, shows that the pores present in the beadpack are larger than

in Bentheimer, and hence are better resolved for both the GNM and LBM, potentially reducing

the disagreement for the beadpack. The one exception to this is the water-wet case, discussed

previously, where the larger pores of the beadpack cause mismatches in the occupancy of

the largest pores to yield greater volume-weighted absolute differences. Lastly, the narrower

and more angular pore space of Bentheimer is also more conducive to the formation and

preservation of layer flow, which as discussed earlier is not a feature present in LBM at this

resolution. Although small, layers can lead to large pore-by-pore differences — one can

envisage the effect of a critical throat, for example, which experiences snap-off and blocks a
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flow path. Even without considering trapping phenomena, the presence of layers changes the

saturation and entry pressures for any given element. The lower capillary pressures exhibited

by the LBM in the water-wet cases of Fig. 4.5 are partly attributable to this. The above factors

all impact the predictions of the displacement sequence throughout the waterflooding, and

the relative importance of each cause requires future investigation.

Returning to the discussion of occupancy in mixed-wet states, previous studies have demon-

strated that displacement is not purely governed by size in mixed-wet media — wettability is

also a determining factor (Lin et al., 2019; Scanziani et al., 2020). The details of this, how-

ever, have not been fully explored. Figure 4.11 compares the Pearson correlation coefficient

(Eq. 4.1) of pore occupancy with radius and contact angle for the mixed-wet state, when the

mean difference in pore-saturation is zero (Fig. 4.4), for both samples. It is clear that contact

angle, rather than radius, is the main control over whether a pore has remained occupied, as

has been experimentally observed (Scanziani et al., 2020; Gao et al., 2020). The GNM predicts

a larger correlation with contact angle in both samples, explained by Fig. 4.6 — ordinary

percolation in the GNM can select water-wet regions, whereas the LBM cannot. Interestingly,

the GNM predicts a stronger correlation of occupancy with contact angle in the beadpack

over Bentheimer. This could be a feature of the topology of the two systems — with a higher

coordination number, an invaded element in the beadpack could have more liberty to select

surrounding water-wet pores to invade compared to Bentheimer. The extent to which topology

controls the degree of occupancy correlation with local contact angle will be pursued in future

studies.
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Figure 4.11: A comparison of the Pearson correlation (Eq. 4.1) of pore occupancy (α) with
radius and contact angle, for both samples, for the mixed-wet simulations. GNM predictions
are shown in blue while LBM predictions are in red.

Finally, it is noted that, for Bentheimer sandstone, the pore-by-pore mismatch between models

is greater than the mismatch between repeat experiments (Raeini et al., 2019). At first, this is

an unexpected finding as the uncertainty in pore-by-pore wettability is removed from this study

but is not reflected in the difference between models. However, semi-analytic approximations

to flow and geometric approximations within the GNM are still present, and the initial water

saturation at the end of drainage is also different between studies. Further, while wettability

has been accounted for, discretisation limitations within the LBM prohibit the implementation

of layer flow using commonly deployed hardware. Whether wetting layers or oil layers,

these features are routinely incorporated into network modelling and their impact has been

experimentally proven. It is likely that their absence in this work accounts for a significant

portion of the difference shown here.

4.3 Conclusions

In this chapter, a workflow to compare pore-scale models of two-phase flow at both macroscopic

and local scales is developed, implementing a spatial match in wettability. The method allows

detailed insights into the pore-scale displacement and can be used to identify strengths
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and shortcomings in predictive capability. The method was applied to analyse predictions

obtained with a colour-gradient lattice-Boltzmann model and the generalized network model

for two-phase flow in two samples, a synthetic beadpack and a micro-CT imaged Bentheimer

sandstone, for four displacements: primary drainage and waterflooding under water-wet,

mixed-wet and oil-wet conditions.

The comparison of macroscopic capillary pressure revealed good agreement between the

two models, and experiments, at intermediate saturations but showed large discrepancies

at the end-points. With a resolution of 10 grid blocks per average throat, LBM is unable

to reach low initial water saturations due to the absence of layers, which manifests as

further differences during waterflooding in altered-wetting states. Critically, at the resolutions

typically implemented in research settings, the LBM does not capture displacement by ordinary

percolation in a mixed-wet state. The absence of layers further impacts the residual oil-

saturations, with the LBM predicting higher values than expected.

In contrast, the GNM was able to capture the effect of layer flow and its impacts since, while

the geometry of the pore space is simplified, layer flow can be described with infinite resolution.

The GNM exhibits spontaneous imbibition in mixed-wet displacement, and lower residuals

in altered wetting states. The GNM predictions also agree more closely with experimental

waterflood measurements. At a pore-by-pore level, absolute differences larger than between

repeat experiments are observed, further emphasising that care must be taken when selecting

pore-scale models. Overall, the comparison shows that network modelling is an attractive

option for cost and time-effective prediction of two-phase flow.

However, it is clear from the macroscopic capillary pressure analysis that, while the GNM better

matched mixed-wet experimental capillary pressure measurements, neither model replicated

the substantial low-pressure displacement convincingly. In the network model, the reason for

this inaccuracy is that the physical mechanism causing such displacement is unknown, and

thus approximations of it cannot be made. In the next chapter, the union of wettability and

geometry is applied to mixed-wet media to provide a physical explanation for low capillary

pressure displacement.
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CHAPTER 5

INTERFACE STABILITY AND DISPLACEMENT IN

MIXED-WET MEDIA

5.1 Overview

In Chapter 3, the geometry of the pore space was seen to have a large impact on pore-scale

displacement. Characterised by the angle β, the expansion and contraction of the solid

walls significantly impacted the threshold capillary pressure for piston-like displacement.

Together with wettability, β determined whether local displacement was a drainage or an

imbibition process. Chapter 3 also revealed that the sagittal curvature of wetting layers

plays an important role in relative permeability and residual trapping predictions, and the

wetting layers themselves were shown to have a large impact on flow predictions in Chapter 4.

Ultimately, the presence, nature and sagittal curvature of layers also depends on both the

wettability and the geometry of the solid walls. In Chapter 4, the GNM predictions displayed

moderate agreement with experimentally observed capillary pressures in mixed-wet media,

but did not accurately capture low capillary-pressure displacement.

In this chapter, the interplay between the geometry and the wettability of the pore space is

shown to be key in understanding displacement in mixed-wet media. A fundamental approach

is taken: first, the pore-scale forces necessary to form the experimentally observed minimal

surfaces are discussed. To recap, minimal surfaces have a zero total curvature (Fig. 1.10) and,

consequently, zero capillary pressure. It is important to emphasise that a consideration of

three-dimensional geometry means that minimal surfaces are not necessarily associated with

a contact angle of 90○ degrees, as implied by Eq. 3.1. As shown later, converging/diverging

geometry and variable contact angles provide the conditions necessary for minimal surfaces to

form.
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Next, to test the theoretical predictions, a finite element method is used to produce stable min-

imal surfaces for a variety of wettabilities and synthetic geometries. Finally, stable interfaces

are perturbed by increasing the pressure difference across the interface until displacement

occurs, and an empirical relation between this threshold displacement pressure, the local

wettability and the local geometry is obtained.

The outcome of this chapter is a greater understanding of the role that geometry plays in

pore-scale phenomena, and a physically-based description for the low capillary pressure

displacement observed in pore-scale experiments.
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5.2 Pore-scale Forces

Before numerically simulating minimal surfaces, it is useful to lay a theoretical foundation.

As discussed in Section 1.3.3, minimal surfaces are defined as having zero total curvature

everywhere:

Pc = σκ = σ (
1

r1
+

1

r2
) = 0. (5.1)

β

βi

θi

σAeff θi

P2

P1

Figure 5.1: The coronal plane of the square capillary from Fig. 2.3. P1 and P2 are the receding
and invading phase fluid pressures, respectively, and βi and θi are the expansion and contact
angle at the ith point on the three-phase contact loop, respectively. σ is the interfacial tension,
while Aeff is the effective area of the fluid-fluid interface after it is projected onto the axial
plane.

Consider the coronal plane of the capillary from Fig. 2.3B, re-presented above in Fig. 5.1.

Following the same approach used to derive the equation for piston-like entry pressure in

the GNM (Eq. 2.2), a vertical force balance on the interface yields the condition necessary

for a minimal surface to form. For a contact loop experiencing n contact or expansion angles

(whichever is greatest in number), a vertical force balance gives:

P2Aeff = P1Aeff + σ
n

∑
i=1
Li cos(θi + βi), (5.2)
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where Li is the contact length with the ith contact or expansion angle. Therefore, the condition

for a minimal surface to form is:

P2 − P1 = Pc =
σ

Aeff

n

∑
i=1
Li cos(θi + βi) = 0,

κ =
1

Aeff

n

∑
i=1
Li cos(θi + βi) = 0,

⇒
n

∑
i=1
Li cos(θi + βi) = 0.

(5.3)

While a discrete form is more useful for pore-scale modelling, Eq. 5.3 is easily extended to

continuous form, where T and v̂ represent the fluid-fluid interfacial tension and the unit vector

in the vertical, respectively, and C is the closed contact loop:

κ =
∮C T ⋅ v̂dl

∫ dA
= 0,

⇒∮
C

T ⋅ v̂dl = 0.
(5.4)

From Eqs. 5.3 and 5.4, it is clear that an infinite set of contact lengths, contact angles and

expansion angles can form a minimal surface. At present, obtaining even a single value of

contact angle from a three-dimensional image is difficult (e.g, AlRatrout et al., 2017; Blunt

et al., 2019; Sun et al., 2020) – it is unlikely that image resolutions will increase sufficiently

to identify multiple contact angles and their associated contact lengths along a contact loop.

However, with some assumptions, progress can be made in understanding the fundamental

behaviour of displacement in mixed-wet media.

In the remainder of this chapter, it is assumed that, locally, a maximum of two contact angles

exist. Indeed, it is common in both modelling and experiments to assign or image clusters

of the pore space which have different wettabilities (e.g, Regaieg et al., 2023). Here, it is

assumed that the pores and throats at the boundaries between these clusters will have two

contact angles.

In three dimensions, these assumptions recast Eq. 5.3 to:

n1

∑
i=1
Licos (θ1 + βi) +

n2

∑
j=1
Ljcos (θ2 + βj) = 0, (5.5)
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where n1 and n2 are the number of discrete expansion angles along the contact length of

wetting regions 1 and 2, respectively.

In two dimensional systems, such as opposite plates, if the contact lengths with each contact

angle are assumed equal, Eq. 5.5 can be simplified to:

Lcos (θ1 + β1) +Lcos (θ2 + β2) = 0,

⇒ cos(
θ1 + β1 + θ2 + β2

2
) cos(

θ1 + β1 − θ2 − β2
2

) = 0,

⇒ θ1 + θ2 = π − β1 − β2,

(5.6)

where each contact line is further assumed to have a single expansion angle. Equation 5.6

leads to simple expressions predicting the onset of spontaneous imbibition in opposing plates:

if θ1 + θ2 < π − β1 − β2, the interface will spontaneously imbibe between the plates. Note that

the expansion angles, while assumed constant over the contact lines, may change in space, i.e

the opposing plates are not necessarily flat. This will become clear during the explanation of

the numerical method and associated synthetic geometries in the following section.

In summary, this section has demonstrated that the sum of the interfacial forces acting on

the three-phase contact loop must be zero for a minimal surface to form. The key insight,

which will serve as a foundation for the remainder of this chapter, is that mathematically, the

contact and expansion angles have equal precedence in all the above equations. This implies

that predicting the stability and displacement of interfaces in mixed-wet media requires a

consideration of both wettability and geometry, as shown in Chapter 3 concerning water-wet

media.

In the next section, the numerical method used to simulate and displace minimal surfaces will

be explained. The simulations will be performed on a variety of two and three dimensional

synthetic geometries, deliberately chosen to follow on from the two- and three-dimensional

theory presented above.
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5.3 Surface Evolver and Synthetic Geometries

5.3.1 Surface Evolver

While many numerical methods exist for simulating pore-scale flow, few are specifically

intended to find positions of equilibria. Surface Evolver (Brakke, 1992) is an open-source

finite element model used to study fluid menisci shaped by interfacial tension. The user

mathematically defines a geometry, a fluid interface and various associated constraints (e.g,

pressure, volume and contact angle). Surface Evolver then tessellates the interface with

triangular elements and evolves its shape according to the principle of least action. The result

is a stable interface in its lowest energy configuration.

Key to the accuracy of Surface Evolver’s predictions is correctly implementing the contact

angle constraint. While contact angle can be explained through the concept of tensions acting

on a three-phase contact loop (Fig.1.3), the physical origin of interfacial tension is the energy

per unit area required to establish an interface between two phases. Thus, the total surface

energy of a phase to be minimised is given by integrating the interfacial tension over the entire

surface of that phase:

Etot = ∫ σn̂ ⋅ dS. (5.7)

It is possible for Surface Evolver to evaluate Eq. 5.7 over each solid-fluid interface in addition

to the fluid-fluid interface, however this leads to numerical errors if the distance between

the vertices of the tessellation becomes too small. Instead, the three-phase contact loop can

be assigned an energy integrand that provides the same contact angle as if the solid-fluid

interfaces were explicitly considered (Brakke, 1994). Stokes’ theorem relates a surface integral

to a line integral, which in the context of surface energy becomes:

x

S

(∇ × F) ⋅ dS = ∮
C

F ⋅ dl, (5.8)

where F is a vector field to be determined and represents the component of fluid-fluid

interfacial tension in the plane of the solid wall at an arbitrary vertex on the contact loop.
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Mathematically, F can either by obtained by evaluating ∇ × F = σ cos (θ) ⋅ n̂ directly – if n̂ is

divergence free – or simply through inspection by finding a vector field that integrates to give

the correct surface area of the desired geometry.

Once determined, F can be integrated around the contact loop at each simulation step, correctly

accounting for the change in fluid-solid interfacial energy with displacements and giving the

desired contact angle. In the following, the five geometries used to study the stability and

displacement of mixed-wet interfaces are presented.

5.3.2 Synthetic Geometries and Assigned Wettabilities

Similar to the force balances presented in section 5.2 of this chapter, the geometries are

deliberately chosen to increase in complexity. The reason for this is to build a foundational

understanding, which can be difficult if three-dimensions are considered immediately.

This section first presents three two-dimensional geometries, followed by a quasi two-

dimensional micromodel replicating the work of Irannezhad et al. (2023). Finally, a truly

three-dimensional geometry is created. Each geometry will first be used to study the conditions

for minimal surface stability, while the final, three-dimensional geometry will also be used to

provide a physical explanation for low capillary pressure displacement in mixed-wet media.

The geometries are shown in Fig. 5.2. For each geometry, constant curvature interfaces

subject to a variety of wettabilities are simulated (Table 5.1), illustrating the interplay between

geometry and wettability. The energy integrand required to elicit wettability is listed for each

geometry, while the derivation for each integrand is in Appendix C.
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a) b)

d)c)

e)

λ1

λ2

λ3

Figure 5.2: The five synthetic geometries used to study the stability and displacement of fluid
interfaces. The parallel (a), inclined (b) and circular (c) plates are all two-dimensional systems
eliciting a single principal curvature in the simulated fluid interfaces. The micromodel (d) is
a quasi two-dimensional system: the left and right circular posts are bounded by flat upper
and lower plates (Irannezhad et al., 2023). Finally, a three-dimensional system is studied (e),
which is constructed to have three different wavelengths along its height.
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Two-dimensional Geometries: Parallel, Inclined and Circular Plates

The first, and most simple, geometry to analyse is two parallel plates (Fig. 5.2a). Surprisingly,

little work has investigated parallel plates with different wettabilities (e.g, Bullard and Garboczi,

2009). The first column of Table 5.1 shows the wettabilities assigned to each plate in this

study.

The energy integrand F is given by:

F = (1,0,0) ⋅ z. (5.9)

Next, inclined plates introduce a constant expansion angle, set to β=-20○ here, into the

analysis (Fig. 5.2b). The second column of Table 5.1 contains the wettabilities assigned to the

inclined plates.

The energy integrand applicable to the inclined plates is:

F = (1,0,0) ⋅
z

cos (β)
, (5.10)

where β is the inclination of the plates.

The final fully two-dimensional geometry considered is circular plates (Fig. 5.2c). Circular

plates build upon the introduction of expansion angle with the inclined plates: on a circle,

the expansion angle varies continuously between [−π
2 , π

2 ]. The physical significance of this is

that Surface Evolver will have a continuous range of β angles available to produce a stable

minimal surface, rather than a single fixed value. Table 5.1, column three shows the assigned

wettabilities.

The appropriate energy integrand for this geometry is:

F = (1,0,0) ⋅ g(z),

g(z) = ∫
z

0

√

1 + (
dy

dz
)

2

dz = rplates [sin
−1 (

z − rplates
rplates

) +
π

2
]

(5.11)

where rplates is the radius of the circular plates.
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Quasi Two-dimensional Geometry: Micro-model

Here, the work of Irannezhad et al. (2023) is replicated. The geometry is quasi two-dimensional,

with circular posts placed between flat upper and lower plates (Fig. 5.2d). The upper and

lower plates introduce an additional, sagittal component to curvature which is absent in the

truly two-dimensional geometries above. Each of the four walls has an assignable contact

angle. Additionally, to replicate Irannezhad et al.’s (2023) experiments and simulations, the

pore space is also divided into left and right halves, each with a single contact angle. The

fourth column of Table 5.1 shows the combinations of contact angle used for this micromodel

geometry.

For this geometry, two energy integrands are required – one for the circular posts, which is

identical to Eq. 5.11, and another for the flat upper and lower plates:

Fflat = (0,1,0) ⋅ z. (5.12)

Three-dimensional Geometry: Sinusoidal Capillary

The critical contribution of this analysis is that a truly three-dimensional geometry is studied.

With the theoretical insight from Eq. 5.3 that pore-space expansion is equally important to

wettability, it is useful to study a system that has variable ranges of β along its length.

To this end, a sinusoidal surface of revolution is constructed which has a length-dependent

wavelength. The surface is defined by

x2 + y2 = R(z)2, (5.13)

where R is given as:

R(z) =
Rp −Rt

2
cos(

2π

λ (z)
z) +

Rp +Rt

2
, (5.14)
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and the wavelength in micrometres, λ (z), is a piecewise function of z:

λ (z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

60π√
3

z ≤ 60π√
3

20π 60π√
3
< z ≤ 60π+20π√3√

3

20π√
3

z > 60π+20π√3√
3

. (5.15)

The resulting geometry is displayed in Fig. 5.2c. The feature of interest in this geometry is the

smoothly varying expansion angle. Considering only the y-z axis,

∂y

∂z
= tan (β (z)) = −

π (Rp −Rt)

λ (z)
sin(

2π

λ (z)
z) . (5.16)

The pore and throat radii are initially set to 40 and 20 micrometres, respectively. These values,

together with the wavelengths defined in Eq. 5.15, give the following ranges of expansion

angles:

β (z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[−30○,30○] z ≤ 60π√
3

[−45○,45○] 60π√
3
< z ≤ 60π+20π√3√

3

[−60○,60○] z > 60π+20π√3√
3

(5.17)

The sinusoidal geometry is divided into two by the plane x = 0, with the left and right halves

assigned various combinations of contact angle shown in the final column of Table 5.1.

The energy integrand required for this geometry is given by determining an infinitesimal strip

of a surface of revolution, equivalent to the height of the meniscus at a single vertex, and

integrating around the contact loop:

F =
1

2πr2
(−y, x,0) ⋅ g(z)

g(z) = ∫
z

0
2πR
√

1 + (R′)2dz.
(5.18)

A full derivation of Eq. 5.18 is presented in Appendix C.
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5.4 Results and Discussion

In section 5.4.1, each synthetic geometry and associated set of wettability combinations

presented in Table. 5.1 is initialised with a fluid interface. The interface is then evolved to its

equilibrium shape, which corresponds to the absolute minimum constant curvature interface

possible, and qualitatively compared to theoretical predictions. Subsequently, in section 5.4.2,

the three-dimensional sinusoid from section 5.3.2 is used to determine why displacement

occurs at low capillary pressure in mixed-wet media. Finally, in section 5.4.3, the three-phase

contact loop is studied to obtain an empirical relation between the geometry, wettability and

threshold displacement capillary pressure.

5.4.1 Stability of Interfaces

Two-dimensional Geometries

In two dimensions, the only minimal surface possible is a flat plane. The first analysis is

performed on parallel plates (Fig. 5.2a). From Eq. 5.6, the condition for forming a minimal

surface between parallel plates is θ1 + θ2 = π. Mathematically, this is akin to showing that

the shortest path between two points is a straight line: the sum of same-side angles on a

straight line traversing two parallel lines is always π. Note that, while seemingly trivial,

this immediately challenges a common misconception that flat interfaces only arise with 90○

contact angles. Figures 5.3a and b show simulations for the first two contact angle pairs in

Table 5.1. As predicted, the simulations show the least-energy configuration is indeed a flat

meniscus. For any other contact combination (e.g, Figures 5.3c and d), the interface adopts a

constant curvature as an arc of a circle.
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a)

θ1=90o, θ2=90o θ1=140o, θ2=40o θ1=135o, θ2=135o θ1=135o, θ2=90o

b) c) d)

Figure 5.3: The least-energy constant curvature interfaces for four different combinations of
contact angle in parallel plates. The left and right plates correspond to the contact angles θ1
and θ2, respectively.

Inclined plates (Fig. 5.2b) bring the expansion and contracting of the pore space into the

analysis. From Eq. 5.6, the updated condition for forming a minimal surface between plates

inclined at β = −20○ is given by θ1 + θ2 = π + 2π
9 . In degrees, the sum of the contact angles

must equal 220○. As shown in Fig. 5.4a, 90○ contact angles are no longer conducive to the

formation of a minimal surface – a constant curvature circular arc is instead the least-energy

configuration. Figures 5.4b and c, however, do have assigned contact angles which sum to 220○,

and both form minimal surfaces. In Fig. 5.4d, the contact angles are once again unsatisfactory,

and a constant curvature interface is produced. The essential observation, which will become

even more apparent in the next example, is that the contact angles required to form a stable

minimal surface depend on the pore-space geometry.
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a) b) c) d)

θ1=90o, θ2=90o θ1=110o, θ2=110o θ1=140o, θ2=80o θ1=140o, θ2=140o

Figure 5.4: The least-energy interfaces for four different combinations of contact angle in
inclined plates. Each plate is inclined from the vertical at an angle β=-20○. The left and right
plates correspond to the contact angles θ1 and θ2, respectively.

Finally, the two-dimensional analysis concludes with circular plates (Fig. 5.2c). As explained

previously, circular plates have a continuous range of β = [−π
2 ,

π
2 ]. From Eq. 5.6, this suggests

that any combination of contact angles can form a minimal surface, and indeed this is

what Surface Evolver predicts. Figure 5.5 a,b,c and d show various different contact angle

combinations, and yet each results in a stable minimal surface. This is because, in the fluid

meniscus’s efforts to minimise its surface area, the contact lines are free to move along the

solid walls under the influence of the resultant interfacial forces. With a continuous range

of β, there is always a position on the solid at which the resultant force balance will give a

minimal surface. Circular plates thus exemplify the importance that geometry has: in the

extreme, wettability does not matter at all to the formation of a minimal surface.

a) b) c) d)

θ1=90o, θ2=90o θ1=110o, θ2=110o θ1=140o, θ2=80o θ1=140o, θ2=140o

Figure 5.5: Stable minimal interfaces for four different combinations of contact angle in
circular plates. The system is two-dimensional – the upper and lower edges of the interface
are not in contact with a solid. The left and right plates correspond to the contact angles θ1
and θ2, respectively. As there is a continuous range of expansion angles, a minimal surface is
always possible in circular plates.
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Quasi Two-Dimensional Micromodel

With improved intuition from a two-dimensional analysis, the complexity of the system is

increased by introducing three-dimensional effects. Physically, this corresponds to introducing

the second principal component of curvature. Here, the micromodel (Fig. 5.2d) is termed

quasi two-dimensional as the upper and lower plates are completely flat – their impact on the

second principal curvature is constant, but not negligible.

The addition of the second principal curvature component leads to substantially more complex

interfaces. As long as the total curvature across the surface is constant, the principal compo-

nents can be different. An example often used for pedagogic purposes is the saddle minimal

surface, which was shown in Fig. 1.10. The first three contact angle combinations for the

micromodel in Table 5.1 are deliberately chosen to induce such an interface.

The first, and surprising, finding is shown in the weakly-water wet system in Fig. 5.6a. Despite

each solid surface being assigned the same weakly-water wet contact angle, a saddle-shaped

minimal surface is the least-energy configuration. This was first simulated in Irannezhad et al.

(2023); here, explicit commentary on the phenomenon is provided.

θ1=100o, θ2=80o θ1=100o, θ2=80o

θ1=70o, θ2=70o

a) b) c)

d) e)

θ1=110o, θ2=110o

θ3=70o, θ4=70o

θ1=70o, θ2=70o

θ3=110o, θ4=110oθ3=70o, θ4=70o

θ1                      θ2

Figure 5.6: Stable miminal interfaces for four different combinations of contact angle in a
synthetic micromodel. The left and right circular plates correspond to the contact angles
θ1 and θ2, respectively. The upper and lower edges of the interface are in contact with a
solid corresponding to the contact angles θ3 and θ4, respectively. In parts (d) and (e), the
micromodel is divided in half, with θ1 and θ2 representing the wettability of the left and right
halves, respectively. This latter configuration is a replication of Irannezhad et al. (2023).
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Initially, opposing principal curvatures may seem counterintuitive in a uniformly-wet system –

a uniform contact angle is commonly imagined as yielding interfaces with principal curvatures

in the same direction. However, as in the two-dimensional analysis, the explanation centres on

a force balance along the contact loop. On the upper and lower plates, the vertical component

of interfacial tension results in a constant upwards pull, which cannot be mitigated by the

geometry as the upper and lower plates are flat. This tends to move the interface upwards

and is responsible for the positive curvature between the two flat plates. On the circular

posts, however, there is a smooth change in β, as discussed previously for the two-dimensional

circular plates. If a β exists such that the component of interfacial tension (multiplied by the

contact length) on the circular posts can become sufficiently non-wetting, i.e θ + β > π
2 , then

this can contribute the downwards pull on the contact loop needed to counterbalance the

upward force from the upper and lower plates.

As Fig. 5.6a shows, this is indeed possible for weakly-wet media, and will likely be observed if

fluid menisci in weakly water-wet micromodels are imaged in three-dimensions. Note that,

from Eq. 5.5, the contact lengths are important for obtaining a force balance – this implies

that the height and separation of the posts, which are geometric properties, also play a role in

interface stability. A further remark is that minimal surfaces have negative Gaussian curvature.

Experiments on water-wet geologic media have shown substantial numbers of interfaces with

negative Gaussian curvature (e.g, Lin et al., 2019; Gao et al., 2020), whose origin has hitherto

been suggested as wetting layers (Gao et al., 2020). Based on the analysis here, it is plausible

that some of these curvatures may originate from saddle-shaped terminal menisci.

Figures 5.6b and c further illustrate that numerous combinations of contact angles can induce

a stable minimal surface if the geometry is compliant: Fig. 5.6b shows a situation where

the flat upper and lower plates are non-wetting, which must be balanced by increasing the

force contribution of the wetting contact lines by moving them toward more negative β.

The opposite is shown in Fig. 5.6c where, to produce a minimal surface, the non-wetting

components of tension must be enhanced by seeking positive β on the circular posts to

counter-balance the wetting components on the flat plates.

Finally, the main finding of Irannezhad et al. (2023) is replicated in Figures 5.6d and e. Here,
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the geometry is divided into left and right halves, with each having a separate wettability.

This wettability assignment will be further explored in Section 5.4.2 for a three-dimensional

geometry. The division produces ’S’ shaped minimal surfaces when viewed from above. The

two principal components of curvature vary significantly over the surface but always sum to

zero. As seen in the previous geometries, the shape is explained by considering the contribution

of the geometry to the balance of forces around the contact loop: the upward pull of the left,

wetting side is reduced by moving the contact loop toward positive β on the left circular post,

while the downward pull of the non-wetting side is reduced by seeking negative β on the right

post.

Three-dimensional Sinusoid

The analysis of conditions necessary for forming stable minimal surfaces is concluded with the

three-dimensional geometry in Fig. 5.2e. The aim here is to further consolidate understanding

of the impact that pore-space geometry has, and to bridge the gap between stability and

displacement, which will be discussed in the next section.

First, the least-energy configurations of three uniform allocations of wetting contact angle

are simulated: 65○, 45○ and 35○. These realisations are analogous to performing an imbibition

simulation. From Eq. 5.3, the expansion angles necessary to form a stable minimal surface

with these contact angles are 25○, 45○ and 55○, respectively. As the geometry’s wavelength is a

function of its height, different regions hold the necessary β values needed, shown in Fig. 5.7.

The equilibrium positions predicted by Surface Evolver exactly align with the theoretical

expectations – in each case, the interface comes to rest at a position on the solid where the β

value satisfies θ + β = π
2 .

Finally, the geometry is divided in half, and each half is assigned a different contact angle. The

geometry is made mixed-wet, and the interface is evolved to a stable position. Figures 5.8a

and b show the resultant minimal surface. As in section 5.4.1, the interface is ’S’ shaped when

viewed from the side (Fig. 5.8a), and has variable principal curvature component directions

over its surface. However, hitherto, the interface and contact loop shape is relatively easy to

predict: one simply finds a β value necessary to satisfy Eq. 5.6 for the chosen contact angles
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λ1 : β = [-30,30]

λ2 : β = [-45,45]

λ3 : β = [-60,60] 

θ = 65o θ = 45o θ = 35o

Figure 5.7: Simulations of three minimal surfaces in uniformly-wet systems. In each case,
the assigned contact angle is displayed above the geometry. The geometry is deliberately
constructed to have a variable wavelength, resulting in regions with different extrema of
expansion angles, β, shown on the left. The minimal surfaces seek a position on the solid
satisfying θ + β = π

2 .

and finds the position on the solid which has that β. The contact loop in this case is more

complex, however, as it spans a continuous range of β values (Fig. 5.8b). This makes it difficult

to predict the exact position on the solid that a minimal surface will be stable. To address this

issue, the contact loop itself will be quantitatively analysed in the next section.
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θ2=110o         θ1=70o

a) b)

Figure 5.8: A simulated minimal surface in a mixed-wet system. In (a), the allocation of
contact angle is shown: the geometry is divided in half, with the right contact angle θ1=70○

and the left θ2=110○. The resulting interface is elongated, has an ’S’ shaped contact loop (a)
and has a complex arrangement of principal curvatures across its surface (b).

In summary, this section has used increasingly complex geometries to systematically build

a conceptual understanding of the interplay between geometry and wettability. The signif-

icant inference is that experimentally observed minimal surfaces are not purely wettability

dependent. In reality, a combination of geometry and wettability dictate the stability of a

minimal surface. Indeed, this conclusion is easily extended to equilibrium at non-zero capillary

pressures too: at any pressure, finding a position of equilibrium depends on both geometry

and wettability.

The main industrial interest in mixed-wet media, however, is how and why minimal surfaces

lead to favourable displacement phenomena. One key aspect to understanding this is to

determine why displacement in mixed-wet media occurs at low capillary pressure. The next

section uses the intuition built in the analyses of stability above and addresses this question

through a quantitative analysis of the contact loop.
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5.4.2 Displacement of Interfaces

In the previous section, the stability of interfaces was shown to strongly depend on the

geometry. In two and quasi two-dimensional geometries, where each post has the same

wettability, the position required for stability was easily found from Eq. 5.6. However, dividing

the geometry in half and assigning a different wettability to each half led to more complex

interfaces in both the micromodel (Figures 5.6d and e) and the sinusoid (Figures 5.8a and b).

In these cases, the interfaces are ’S’ shaped, and there is no obvious single value of β. This

phenomenon is important to understand as, in real mixed-wet systems, the pores and throats

between wetting and non-wetting regions likely have a similar allocation of contact angle.

To understand mixed-wet interfaces further, the contact loop itself must be analysed. To do

this, the first wavelength of the sinusoidal geometry in Fig. 5.2e is taken and an interface is

initialised at 1
4th of the wavelength. Then, a minimal surface is evolved. The analysis begins

with two simple cases: assigning a uniform wettability of θ = 90○ and another of θ = 70○. The

interfaces in their least energy configurations are shown in Figures 5.9a and b.
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a) b)

Figure 5.9: Simulated minimal surfaces in two uniformly-wet systems. In (a), the contact
angle is 90○, while in (b) it is 70○. The 90○ case clearly reached its equilibrium state a lower
position in the sinusoid.

From Eq. 5.6, the β values required to produce a minimal surface for these contact angles are

0○ and 20○, respectively. Spatially, these β values correspond to the throat centre and slightly

above the throat centre. As expected, Surface Evolver predicts this (Figures 5.9a and b). It is

more useful, however, to describe the position of the contact line quantitatively. The interface

can be projected onto the x-y plane, and each position on the contact loop can be assigned a

unique angle α. This is possible as there cannot be two points on a contact loop with the same

α – physically, this would be a discontinuity in the loop and is not consistent with a constant

curvature interface. Additionally, as the geometry is symmetric, only the points on the contact

loop between α = [−π2 ,
π
2 ] need be considered. After each point on the contact loop is assigned

a location, α, the value of β at each point on the contact loop is also measured. Plotting α vs

β for the two interfaces in Figures 5.9a and b, Figures 5.10a and b are obtained, respectively:

Figure 5.10 provides quantitative confirmation of Eq. 5.6. The shape of the contact line in

both cases is flat – every location around the contact line has the same value of β, and the θ =

70○ geometry requires a larger value of β than the θ = 90○ case. In this portion of the sinusoid,

the maximum expansion angle of the solid is β = 30○, meaning that a uniform contact angle
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a) b)

Figure 5.10: α-β plots showing the contact loops of two uniformly-wet systems at zero
capillary pressure. In (a), the contact angle is 90○, while in (b) it is 70○. In both cases, the
contact loop is flat. However, the 70○ case requires a larger expansion angle, β, to form a
stable minimal surface.

below 60○ will not form a minimal surface.

The capillary pressure of the interfaces is now incrementally increased and the interfaces

are evolved to their new position of equilibrium. For each new pressure, the contact line is

projected and an α-β analysis performed, shown in Figures 5.11a and b. At each pressure

increment in both geometries, the contact line remains flat but rises evenly to a new, larger

expansion angle. The physical explanation is that, to counteract the increased upwards force

exerted on the interfaces by the increased fluid pressure, the upwards vertical component of

interfacial tension around the contact loop must be reduced by seeking a larger value of β.

The maximum and minimum expansion angles possible are ±30○, shown by the horizontal red

lines in Fig. 5.11; beyond this position, no stable configuration is possible and the interface

displaces through the pore centre. Figure 5.11 shows that, in the 70○ case, a smaller capillary

pressure increase is needed to reach this critical position on the geometry and displace through

the pore centre than in the 90○ case. Intuitively, this makes sense; displacement in wetting

regimes requires lower invading fluid pressure than in non-wetting regimes.
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a) b)

Figure 5.11: α-β plots showing the contact loops of two uniformly-wet systems at different
capillary pressures. In (a), the contact angle is 90○, while in (b) it is 70○. In both cases, the
contact loop is flat and rises uniformly with increasing capillary pressure. However, the 70○

case requires a much smaller pressure increase to reach the critical displacement loop on the
geometry, shown by the horizontal red lines.

Next, the α - β analysis above is repeated for a mixed-wet interface. The geometry is divided

into left and right halves defined by y=0 – the left is weakly non-wetting at θ2 = 110○, while

the right is weakly wetting at θ1 = 70○, resulting in a stable minimal surface shown in Fig. 5.8.

Figure 5.12 shows the α-β plot for the stable mixed-wet minimal surface formed, along with

the base case of a uniform contact angle θ = 90○ for comparison. The visually observed ’S’

shape of the interfaces in Fig. 5.8 is reflected in the α - β plots, but here a deeper analysis is

possible.
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Figure 5.12: An α-β plot describing the difference between the contact loops of a mixed-wet
system and a uniformly-wet system. The contact loop of the uniformly-wet system is flat,
while the mixed-wet system is elongated, displaying a characteristic ’S’ shape and reaching
higher β values.

The first observation is that, in each half of the geometry, the contact loop does not reside

at a single expansion angle satisfying θ = π
2 − β for that half. This would result in a sharp

discontinuity at the centre transition, inconsistent with capillary equilibrium. Instead, the

contact loop varies smoothly between its highest and lowest points on the solid.

The second observation is that the maximum and minimum β values reached by the contact

loop do not satisfy θ1 + θ2 = π − β1 − β2. The observed extremums of β =∼ ±10○ are half what is

expected for the assigned contact angles. Physically, this is a result of the surface minimising

its area: β increases with the radius of the pore space, meaning that, if the interface were to

stretch between β = ±20○, the area of the interface would be larger than observed in Fig. 5.8.

Instead, a force balance (Eq. 5.4) can be achieved with smaller perturbations to the contact

loop resulting in a smaller fluid-fluid interface and an overall lower free energy (Eq. 1.4).

The final observation is that, despite the average contact angle for each case in Fig. 5.12 being

90○, the extremes of the contact loop around the mixed-wet interface are significantly closer to

the critical loop on the geometry at which an interface becomes unstable. It was shown earlier

in Fig. 5.11 that a change in capillary pressure corresponds to a vertical translation of the
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Figure 5.13: An α-β plot describing the contact loop of the mixed-wet system from Fig. 5.8.
The capillary pressure is incrementally increased by 500 Pa until a stable interface is no longer
possible.

contact loop on the α - β plots. The closer the initial position of the interface’s contact loop to

the critical displacement loop, the lower the capillary pressure necessary to displace through

the pore centre. Figure 5.12 therefore explains why displacement occurs at a low capillary

pressure in mixed-wet media: the contact loops are not flat, but instead elongated and require

a much lower capillary pressure for the wetting side to reach the critical displacement loop.

This is confirmed in Fig. 5.13, where the capillary pressure of the mixed-wet interface is

increased until a stable interface is no longer possible. The displacement capillary pressure

is approximately 50% lower than that of the uniform contact angle θ = 90○. Increasing

the difference between assigned contact angles in the mixed-wet system leads to a greater

difference between maximum and minimum β values on the contact loop (Fig. 5.14a). This

makes it even easier for the interface to move; the displacement capillary pressure decreases

as the difference in contact angle increases. The average contact angle controls the position of

the inflexion point - the inflexion point always satisfies Eq. 5.6 at a capillary pressure of zero

(Fig. 5.14b).

In the next section, the analysis of mixed-wet contact loops with different combinations of

contact angles shown in Fig. 5.14 is translated into an empirical expression which predicts
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a) b)

Figure 5.14: α-β plots showing the impact of changing the difference between contact angles
(a) and the mean contact angle (b) on the contact loop of a minimal surface. Increasing the
difference in contact angle elongates the interface, stretching it to higher expansion angles,
while changing the mean value of contact angle controls the position of the interface’s inflexion
point.

their displacement capillary pressures.

5.4.3 Empirical Prediction

In this section, the insights gained from the preceding qualitative analysis are translated into

an empirical relationship between capillary pressure and the maximum β value on the contact

loop. In doing so, a method of predicting the threshold displacement pressure for a mixed-wet

interface is provided. Consistent with the previous section, it is assumed that two contact

angles exist, θ1 and θ2, each occupying half the pore cross-section.

From Figures 5.11, 5.14a and 5.14b, three deductions can be made: first, the difference

in contact angle controls the amplitude, A, of the α-β plots, defined as the difference in β

between the maximum/minimum values and the inflexion point; second, the average value

of contact angle controls the β value of the inflexion point itself, according to Eq. 5.3; finally,

changes in capillary pressure correspond to vertical translations of the contact loops in α-β

plots. We propose that the value of β at any position α on the three-phase contact loop can be

found empirically using a logistic-type function:

β = 2A
1

1 + e−Bα
+
π − (θ1 + θ2)

2
−A + δβ(κ). (5.19)
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The parameter B controls the gradient of the curve and is set to 1 in this work. The amplitude

above the inflexion point is A and δβ(κ) is the vertical translation caused by capillary pressure.

While optimising Eq. 5.19 to exactly match the shape of interfaces in α-β plots could provide

an avenue for future research, it is not necessary for predicting the threshold displacement

pressure. All that is needed is to obtain an expression for A and δβ, which fully describe the

maximum expansion angle, βmax, on the contact loop given by the logistic function:

βmax = A + δβ(κ). (5.20)

The form of the amplitude, A, was found to be a function of the wavelength, the difference

in contact angles and pore radii, through a sensitivity analysis shown in Appendix D. Each

property was systematically varied and the impact on A assessed, resulting in the empirical

relation:

A (∆θ,Rp, λ) = ∣∆θ∣
e1 (1 − (e2λ)

e3) (e4Rp)
e5 . (5.21)

Throat radius was found to not significantly impact the amplitude. The coefficients e in

Eq. 5.21 were determined numerically by simulating 1000 stable interfaces at zero capillary

pressure, in sinusoidal geometries with random combinations of λ, Rp and ∆θ = θ1 − θ2, and

numerically fitting a curve to the simulated amplitudes. The R2 of the curve fit was 0.995,

while the mean absolute relative error between predicted and observed amplitudes was 8%

(Fig. 5.15).
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Figure 5.15: The agreement between empirically predicted and observed maximum expansion
angles around the contact loop of 1000 minimal interfaces. The interfaces were generated in
geometries with random pore radii, wavelength and mixed-wet contact angles with a mean of
90○.

The same approach used to determine the form of the amplitude was repeated for the

perturbation, δβ, shown in Appendix D:

δβ(κ,Rp, λ,∆θ) =m1κ +m2Rp +m3λ +m4∆θ (5.22)

The coefficients m in Eq. 5.22 were obtained similarly: 1000 constant curvature interfaces

were simulated with random capillary pressures, Rp, λ and ∆θ. Then, including the calibrated

amplitude function A (∆θ,Rp, λ) found previously, the coefficients in δβ (κ,Rp, λ,∆θ) were

determined by optimising the predicted expansion angles from Eq. 5.20 against the simulated

angles. The end result is shown in Fig. 5.16, which shows that Eq. 5.20 predicts the maximum

β value required to form a stable interface in a sinusoidal geometry at an arbitrary capillary

pressure with a mean relative error of 5% and an R2 value of 0.976.
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Figure 5.16: A comparison between empirically predicted and observed maximum expansion
angles (β) around the contact loop of 1000 constant curvature interfaces. The interfaces
were generated at random capillary pressures, pore radii, wavelength and mixed-wet contact
angles.

Currently, a pore-network model capable of predicting mixed-wet low capillary pressure

displacement through realistic three-dimensional media does not exist. Figure 5.16 shows that

Eq. 5.20 predicts the maximum β value needed to produce a stable interface, at any capillary

pressure, in the sinusoidal geometry. If the predicted β value is greater than what is available

in the local geometry, the interface will displace through the region. Thus, Eq. 5.20 can be

rearranged to provide the threshold displacement curvature at which an interface will displace

through a pore:

κ =
1

m1

(βmax − (A (∆θ,Rp, λ) +m2Rp +m3λ +m4∆θ)) , (5.23)

where βmax now represents the largest value of β present in a throat and A is defined previously

(Eq. 5.21). The optimised coefficients e and m in Eqs. 5.21 and 5.22 are shown in Appendix D,

Tables D.1 and D.2, respectively.

In summary, Eq. 5.23 can be included in a network model to more accurately predict threshold
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displacement pressures in mixed-wet regions of the pore space. The principal new inputs

required are the expansion angle β and the effective wavelength λ, which can be associated

with the distance from pore to throat centres.

5.5 Conclusions

In this chapter, the pore-scale forces necessary to form experimentally observed minimal sur-

faces were presented. Then, a finite element model which finds the least-energy configuration

of a fluid-fluid interface was used to explore the conditions in which stable minimal surfaces

form in both uniformly-wet and mixed-wet media. A comprehensive set of simulations were

performed in two-dimensional, quasi two-dimensional, and three-dimensional geometries to

analyse the impact of pore-space geometry and wettability on interface stability. Finally, the

displacement of interfaces was simulated in a three-dimensional geometry, and the analysis

was extended through quantitative considerations of the three-phase contact-loop.

Hitherto, discussion of minimal surfaces in porous media has been restricted to the impact

of wettability on their formation. However, fundamental considerations in this chapter have

shown that, to form stable minimal surfaces, the only requirement is that the sum of interfacial

forces acting on the contact loop of an interface must be zero. Importantly, this was shown to

not only depend on the wettability of the solid, but also the morphology of the solid geometry.

Simple expressions were derived which link the sum of contact and solid-wall expansion

angles to the stability of a minimal surface. The key insight was that geometry and wettability

take equal precedence mathematically, and thus predictions of stability and displacement of

minimal – and indeed all – interfaces require a consideration of both parameters.

Finite element simulations confirmed the interplay between geometry and wettability in two-

dimensional, quasi two-dimensional and three-dimensional geometries. In two dimensions,

the only possible minimal interface is a flat plane, and the necessary wettability to produce

such an interface is easy to predict: the sum of contact and expansion angles must equal π.

In three dimensions, minimal interfaces were shown to take more complex forms resembling

saddles or ’S’ shapes, with varying principal curvatures over their surface. The contact length

in each wetting region and the spatial arrangement of contact angles becomes important to
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the overall shape of the interface. Interestingly, simulations on the quasi two-dimensional

geometries revealed that characteristic saddle-shaped minimal surfaces are possible even in

weakly-wetting conditions. Overall, minimal surfaces were shown to form in a much wider

variety of wettabilities and geometries than previously expected.

Subsequently, the displacement of interfaces in three-dimensions was studied through a

detailed analysis of the contact loop. It was shown that displacement occurs when the three-

phase contact loop reaches a critical loop on the geometry. At this threshold, a force balance

between the capillary pressure and the interfacial tensions acting around the contact loop is

no longer possible. Due to the complex shape of the interfaces, the three-phase contact loop

reaches this critical position on the geometry at lower pressure in mixed-wet media compared

to uniformly-wet media. The interface moved further through the pore space along the more

wetting surface, allowing the critical displacement loop to be reached with only a relatively

small increment in capillary pressure. The shape of the three-phase contact loop was exploited

to empirically relate the position on the solid wall to a logistic function, which accurately

predicted the displacement capillary pressure in a sinusoidal mixed-wet capillary and can be

included in pore-network models.

In summary, the main contribution of this chapter is a physical explanation for the sustained

low capillary pressure displacement observed in mixed-wet experiments performed on both

micromodels (e.g, Irannezhad et al., 2023) and geologic media (e.g, Lin et al., 2019). Achieving

the balance of forces necessary to stabilise an interface in a mixed-wet region has been shown

to depend on a delicate interplay between the contact angles present and the local geometry,

leading to displacement at an absolute capillary pressure far smaller than expected from media

with a significant fraction of oil-wet pore space, and smaller than a medium assigned a single

average value of contact angle around 90○. This contribution can be incorporated and built

upon in future modelling efforts to better capture experimentally observed displacement.
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SYNTHESIS AND FUTURE WORK

6.1 Synthesis

This thesis investigated the impact of wettability and pore-space geometry on capillary-

dominated displacement. In particular, the focus has been on recognising porous media as a

three-dimensional entity, and the analysis has considered the effect of this in the context of

different wettabilities.

In Chapter 3, quasi two-dimensional approximations of threshold displacement pressures,

which are standard in current network models, were extended to three dimensions. The new

approximations are physically based, and were extensively calibrated using high-resolution

direct simulations. The resulting improvements in predictions were substantial. For piston-

like displacement, three-dimensional approximations can capture the apparent wettability

of the system caused by the expansion and contraction of the pore space, while the former

two-dimensional approaches cannot. Quantitatively, this can reduce the error in threshold

displacement pressure predictions from over 20% to less than 5% when compared to direct

methods.

For layer flow, the extended approximations accurately captured the suppression of snap-

off caused by the expansion of the pore space at a throat. This decreased residual non-

wetting saturations in water-wet systems by around 10%, in agreement with experiments, and

significantly improved predictions of relative permeability. It also provides the missing physical

consideration that had, until now, prevented network models from matching observations

when using experimentally constrained input contact angles. Similarly, the sagittal curvature

of layers significantly improved predictions of relative permeability.

In Chapter 4, the extended network model was compared to lattice-Boltzmann simulations for

a wide range of wettabilities. Historically, little research has focused on comparing the two
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approaches, and direct methods are often axiomatically assumed to more accurately capture

the physics of multiphase flow. However, this thesis showed that direct methods struggle to

capture the intricacies of displacement in complex wetting states at the REV scale. Wettability

gives rise various displacement processes, many of which are intimately linked to fluid layers

and their ability to maintain connectivity throughout the pore space. The resolutions required

to capture this directly are prohibitive; network modelling, on the other hand, easily handles

fluid layers. Additionally, Chapter 4 revealed that, while the generalized network model

provided more physically accurate predictions than the lattice-Boltzmann method, it did not

exactly reproduce the low-capillary pressure displacement observed in mixed-wet experiments.

The principal reason for this was the lack of a physical explanation for such a phenomena.

Chapter 5 used the insight that pore-space geometry is crucial for correctly predicting displace-

ment pressures, which was derived from Chapter 3, and applied it to mixed-wet media. First, a

theoretical foundation was laid, providing an intuition on which geometries and wettabilities

combine to facilitate stable minimal surfaces. Finite element modelling in two, quasi-two, and

three dimensional geometries was then used to test the theoretical foundation, and to solidify

the understanding of how geometry and wettability interact. It was shown that minimal

surfaces are likely ubiquitous in any system at zero capillary pressure as, in three-dimensional

systems, the expansion and contraction of the pore space can allow stable minimal interfaces

in a wide range of wettabilities.

Chapter 5 then presented a quantitative analysis of the three-phase contact loop and its

position on the geometry, both in uniform and mixed wettability scenarios. Through this

analysis, a physical explanation for low capillary pressure displacement was discovered: locally,

a critical loop exists on the solid, marking the final position where a stable interface is possible.

Changes in capillary pressure correspond to the three-phase contact line moving along the

geometry. If any point on the three-phase contact loop reaches this critical displacement

loop, the interface becomes unstable and displaces. In mixed-wet media, the interfaces are

elongated, and on the wetting side, the three-phase contact loop resides at higher expansion

angles on the geometry compared to media uniformly wet with the average contact angle

value of the mixed-wet system. Consequently, a smaller capillary pressure is required to reach
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the critical displacement loop in mixed-wet media.

Finally, in Chapter 5, the analysis of the three-phase contact loop was used to establish an

empirical relationship for predicting displacement capillary pressure in a synthetic sinusoidal

geometry. This empirical equation, along with the newfound physical insight, can be integrated

into network modelling to enhance predictions in mixed-wet systems.

6.2 Future Work

The following studies could be conducted to extend the research presented in this thesis:

• Chapter 3 showed the importance of considering pore-space expansion in pore-network

modelling. A natural progression is to extract the pore-space expansion angles directly

from a micro-CT image. This would remove the need for an empirical expression in

Eq. 3.2 and improve the accuracy of predictions.

• While this thesis has primarily focused on capillary pressure, the impact of three-

dimensional geometry on relative permeability should also be studied. Figure 3.11

in Chapter 3 showed appreciable wetting relative-permeability discrepancy with experi-

ments at low saturations. Most of this is due to experimental uncertainty, as previously

discussed, however conductivity correlations commonly used in network modelling have

remained largely unchanged in nearly two decades. An important study is to perform

direct simulations on a large number of small, three-dimensional subvolumes extracted

from real images. Then, a data-driven method could be used to update the current

two-dimensional conductivity correlations to three dimensions.

• Chapter 4 highlighted the strengths of network modelling for two-phase flow predictions.

It is reasonable to suggest that future work should focus on using direct methods to cali-

brate network models, as in Chapter 3, rather than seeking ever-increasing computational

power to reach accurate predictions in complex media and wetting states.

• Chapter 5 provided fundamental insights into the formation of minimal surfaces in

porous media. An excellent project would be to perform experiments on a simple system,
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such as a micromodel or a beadpack, where the geometry can be described analytically.

The system should be made mixed-wet in a controllable fashion, and the resulting

fluid-fluid interfaces should be compared to the analysis presented in this thesis.

• Chapter 5 also saw the introduction of an empirical equation to predict displacement

capillary pressure in mixed-wet media. While the equation provided satisfactory pre-

dictions in a simple sinusoid, future work should seek to extend this analysis to more

complex geometries with corners. A possibility is to perform the analysis on subvolumes

of real media, however the analytic nature of Surface Evolver could make this difficult.

Simple geometries, such as squares and triangles, could be more feasible. The empirical

equation should also be included into a network model, and its impact on predictions

assessed.

• In the analysis of mixed-wet interfaces, Chapter 5 saw the use of a force balance around

the contact line to predict which conditions would form a minimal surface. However,

the exact shape of this minimal surface remains unknown – the total curvature must be

constant, however the principal components of curvature at each point on the surface

have no known constraints. A fascinating avenue would be to approach this topic from a

differential geometer’s perspective and attempt to derive a partial differential equation

describing the surface.
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CHAPTER A

OPTIMISATION OF COEFFICIENTS
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Figure A.1: Optimisations performed on the pore-space expansion coefficients a and b present
in Eq. 3.2. The mean absolute difference in threshold capillary pressure, f(a, b), between the
volume-of-fluid predictions displayed in Fig. 3.5 and the GNM predictions is determined using
Eq. A.1. The combination a=0.3 and b=1.1 corresponds to the global minimum of f(a, b),
and these coefficients are maintained for all of the GNM predictions in this work.

Equation 3.2 is used to determine the pore-space expansion at every pore centre, throat centre

and half-way point in the network. However, network models are simplified representations

of the real pore space: only a coarse resolution is provided by the network extraction process.

Physically based approximations of finer details require calibration to mitigate error introduced

by spatial simplifications. To optimise the coefficients a and b in Eq. 3.2, the minimum mean

absolute difference (Fig. A.1) between the volume-of-fluid predictions displayed in Fig. 3.5

and the GNM predictions for 225 combinations of a and b is determined using:

f(a, b) =
1

N
∑
θ∈S
∣V oFP θ

c −
GNMP θ

c (a, b)∣ , (A.1)

where N is the number of contact angles for which predictions exist, V oFP θ
c is the volume-
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of-fluid threshold capillary pressure prediction at contact angle θ and GNMP θ
c is the GNM

threshold capillary pressure prediction at contact angle θ. The summation is over the set, S,

of all simulated contact angles. In this work, N = 9 and S spans from θ = 30○ to θ = 150○ in

15○ increments. Similar to the treatment of pore-space expansion, the methods to determine
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Figure A.2: Optimisations performed on the throat sagittal curvature coefficient c and the
pore sagittal curvature coefficient d present in Eq. 3.4 and 3.5, respectively. In (a), the
geometry-based throat and pore sagittal curvature are independent of each other and can be
optimised by minimising Eq. A.2 and A.3 separately. In (b), the iterative approach to modelling
sagittal curvature results in throat and pore sagittal curvature affecting each other, and the
collective objective function in Eq. A.4 is minimised.

sagittal curvature presented in this paper use discrete points defined at the pores and throats.

In reality, curvature is mathematically defined at an infinitesimal portion of a surface, and

so an estimation using discrete points requires calibration. For the geometry-based method

in Fig. 3.2 of Section 3.2.2, the coefficients of throat sagittal curvature (c) and pore sagittal

curvature (d) are obtained by minimising the objective functions:

f(c) = (1 −
10κAn + c 10κst

10κV oF
)

2

+ (1 −
20κAn + c 20κst

20κV oF
)

2

, (A.2)

f(d) = (1 −
10Sw(d)
10SV oF

w

)

2

+ (1 −
20Sw(d)
20SV oF

w

)

2

, (A.3)

where κAn and κV oF represent two-dimensional analytic solutions and volume-of-fluid pre-

dictions of the total curvature at snap-off, respectively, κst is the throat sagittal curvature

obtained from the geometry-based approximation presented in Eq. 3.4, and Sw and SV oF
w
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denote the throat saturation at snap-off predicted by the GNM and volume-of-fluid method,

respectively. In both Eq. A.2 and Eq. A.3, the prescripts represent the 10○ or 20○ geometries

in Fig. 3.4. Equations A.2 and A.3 can be optimised independently as pore sagittal curvature

does not affect snap-off curvature at the throat with the geometry-based method, and Eq. A.2

can be solved analytically. The optimisation of c and d is shown in Fig. A.2a, giving c = 1.5 and

d = 0.75. These coefficients are used to produce the macroscopic results in Figs. 3.11c and d.

A consequence of the iterative method to determine sagittal curvature (Fig. 3.10) is that the

pores and throats are no longer independent. Therefore, the following objective function is

minimised to find the optimal values of the coefficients c and d:

f(c, d) = (1 −
10κ(c, d)
10κV oF

)

2

+ (1 −
20κ(c, d)
20κV oF

)

2

+

(1 −
10Sw(c, d)
10SV oF

w

)

2

+ (1 −
20Sw(c, d)
20SV oF

w

)

2

,

(A.4)

where κ represents the total curvature at snap-off predicted by the GNM, and the remaining

terms retain their definitions from Eq. A.2 and A.2. Figure A.2b shows 625 simulations used to

find the global minimum of the objective function in Eq. A.4, which corresponds to c = 3.5 and

d = 3. These coefficients — which are obtained through calibration against high resolution

direct simulations — are used to produce the macroscopic results in Figs. 3.11e and f.
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EXPANSION ANGLE SENSITIVITY
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Figure B.1: The distributions of expansion angle (left), throat radius (centre) and pore radius
(right) extracted from a 10003 voxel image of a Bentheimer sandstone. In the left plot, the
different coloured histograms of expansion angle represent the base model (green) with 50%
uncertainty added (red) or subtracted (blue), where the base model is obtained directly from
Eq. 3.2.

Chapter 3 demonstrates the importance of the expansion angle, β, for accurate predictions of

macroscopic capillary pressure. In this thesis, β is empirically estimated in Eq. 3.2 from the

extracted network, while in the future, it is likely that the angle will be determined directly

from an underlying image. In both instances, the extraction process will result in uncertainty

in β.

The generalized network model was specifically created to minimise uncertainty in the extrac-

tion process. The geometry of the elements closely resembles the underlying pore geometry,

and the network elements are formed from the pore-space corners of the voxel image itself.

Therefore, it is reasonable to assume that uncertainty in β due to the GNM is small. How-

ever, the voxel images provided to the extraction algorithm must first undergo segmentation

between void-space and solid voxels. The segmentation process can introduce significant

uncertainty into network modelling, as it profoundly affects the geometry of the pore space.

Directly assessing the impact that segmentation-induced uncertainty in β has on predictions
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is relatively challenging. Any change in segmentation will also affect pore and throat areas,

which will overshadow the impact of β. However, it is possible to assume an uncertainty in

β and apply it to a single image. This approach enables a direct assessment of the impact of

uncertainty in β on predictions.

Figure B.2 shows macroscopic predictions with a presumed 50% uncertainty in β. Three

generalized network flow simulations were performed on the same 10003 voxel image of

Bentheimer sandstone analysed in Chapter 3. In each simulation, the corner-by-corner β

values were either: maintained; increased by 50%; or decreased by 50% relative to the output

of Eq. 3.2. This replicates the impact that segmentation, or extraction-induced, uncertainty

in β would have on predictions. the distributions of β in each simulation, along with the

distributions of pore and throat radii, are shown in Fig. B.1.

The sensitivity analysis in Fig. B.2 demonstrates that uncertainty in β can result in a 20%

variation in macroscopic predictions of capillary pressure and relative permeability.
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Figure B.2: A sensitivity analysis into the impact of uncertainty in β estimations on capillary
pressure (left) and relative permeability (right). Three generalized network flow simulations
were performed on the same 10003 voxel image of Bentheimer sandstone analysed in Chapter 3.
In each simulation, the corner-by-corner β values were either: maintained (green); increased
by 50% (red); or decreased by 50% (blue) relative to the output of Eq. 3.2.
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SURFACE EVOLVER ENERGY INTEGRANDS

This appendix contains the derivations for all energy integrands used in Chapter 5. In all cases,

the goal is to find a vector field which describes the contact loop. From Stoke’s Theorem, a

line integral of this vector field gives the surface area of the part of the solid which is coated

with the invading phase.

C.1 Two-Dimensional geometries

C.1.1 Parallel plates

In parallel plates, the integral is clear: the area of a rectangle is its base multiplied by its height.

The height of the contact line is given by the z coordinate, while the vector field describing

the contact line on each plate is simply the unit vector in the x direction F = (1,0,0) ⋅ z.

C.1.2 Inclined Plates

The coated area of inclined plates is found in a similar fashion to parallel plates, however here

the length of the coated area under the contact line is a function of the meniscus height z and

the expansion angle β, F = (1,0,0) ⋅ z
cos(β) .

C.1.3 Circular Plates

The coated area of a circular plate is found by determining the arc length of the coated region

and multiplying by an infinitesimal portion of the contact line. The vector field describing the

contact line remains unchanged from the previous examples, however the arc length requires

an integral up to the height of the contact line.
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The length of an infinitesimal portion of an arc is given by:

ds2 = dy2 + dz2

ds =

√

1 + (
dy

dz
)

2

dz,

(C.1)

and the equation describing the circular plates is:

y2 + (z − rplates)
2 = r2plates. (C.2)

Thus, the contact length to a height z on the plates is given by the integral:

g(z) = ∫
z

0

√

1 + (
dy

dz
)

2

dz = rplates [sin
−1 (

z − rplates
rplates

) +
π

2
] . (C.3)

Together with the vector field describing the contact line, this gives F = (1,0,0) ⋅ g(z)

C.2 Quasi Two-Dimensional Geometry: Micro-model

In the micromodel, the integral on the circular posts remains unchanged from the two-

dimensional circular plates described previously. On the upper and lower flat plates, the

vector field describing the contact line is given by the unit vector in the y direction, which can

be multiplied by the meniscus height, z, to give the contact area in identical fashion to the

parallel plates geometry.

However, for the portion of the contact loop residing on the upper and lower plates, an area

correction must be added to account for the contact area above and below the circular posts.

The correction, δA, is given by:

δA =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

∫
y1
0 rplates −

√
rplates − y2 dy z ≤ rplates

∫
y1
0 rplates −

√
rplates − y2 dy −

rplates
2 [ζ − sin (ζ)] z > rplates,

(C.4)

where ζ = cos−1 ( 2y21
r2
plates

− 1).
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C.3 Three Dimensional Sinusoid

The sinusoid poses the most complex vector field1. In the axial plane, the geometry is circular.

Thus, the contact loop is defined by a circular unit-vector field F = 1
R2 (−y, x,0), where R(z) is

defined by Eq. 5.14. An infinitesimal strip of fluid-covered surface area is given integrating

over the vector field F and multiplying by the length, l(z), of the solid wall beneath the

meniscus.

The function l(z) can be found from standard calculus. The surface of revolution up to a

height z is given by,

g(z) = ∫
z

0
2πR
√

1 + (R′)2dz. (C.5)

Substituting in the expression for R(z) given by Eq. 5.14 and simplifying, one obtains,

g(z) = ∫
z

0
2π (A cos (qz) + b)

√
1 +A2q2sin2 (qz)dz, (C.6)

where q = 2π
λ , A = Rp−Rt

2 and b = Rp+Rt

2 .

Using Mathematica (Inc.), the following analytical expression for the surface area can be

obtained:

g(z) =
1

2q2
(sinh−1 (Aq sin (qz)) +Aq sin (qz)

√

1 +A2q2 sin2 (qz)) +
b

q
E (qz,−A2q2) , (C.7)

where E(⋅, ⋅) is an elliptic integral of the second kind.

Finally, the length l(z) can be expressed as l(z) = 1
2πg(z), giving the final energy integrand

presented in Eq. 5.18. The function g(z) can be evaluated separately for each wavelength

region and summed to provide the total fluid-coated length beneath any point on the meniscus

1Prof. Kenneth Brakke is thanked for providing insightful guidance.
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EMPIRICAL EQUATION OPTIMISATION

The sensitivity studies performed to obtain the form of Eqs. 5.21 and 5.22 are displayed in

Figures D.1 and D.2, respectively.

Figure D.1: The sensitivity analysis performed to determine the form of the equation describing
the amplitude, A, in Eq. 5.20. In each plot, the amplitude is plotted against the difference in
assigned contact angle (∆θ), the pore radius Rp or the wavelength (λ). The different colours
represent constant values of the given properties in each legend, where θ̄ is the average contact
angle.
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Figure D.2: A figure showing the sensitivity analysis performed to determine the form of δβ in
Eq. 5.20. In (a)-(c), the different colours represent constant values of contact angle difference
(∆θ), pore radius (Rp) and wavelength (λ), respectively. In (d)-(f), the colours represent
constant values of capillary pressure.

In Tables D.1 and D.2 below, the optimised coefficients for e and m in Eqs. 5.21 and 5.22,

respectively, are displayed.

Table D.1: A table to show the optimised coefficients for e in Eq. 5.21. Their units are
displayed within the square brackets.

Coefficient 1 [-] 2 [m−1] 3 [-] 4 [m−1] 5 [-]
e 1.025 4.169×10−3 1.304 7.238×10−4 0.260

Table D.2: A table to show the optimised coefficients for m in Eq. 5.22. Their units are
displayed within the square brackets.

Coefficient 1 [m] 2 [m−1] 3 [m−1] 4 [-]
m 6.029×10−4 -3.374×10−4 -2.682×10−4 -1.276×10−2
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