
4. Further Investigation:

Mixed States
Framework has been generalised to single-qubit mixed states, 

i.e., states inside the Bloch sphere

• Add one more variable: 𝑟 = magnitude of Bloch vector 

• New state space: volume of the Bloch sphere 

New prior: 𝐫𝟐 𝐬𝐢𝐧 𝛉
New probabilities associated to

Pauli measurement outcomes 
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• Advancement in quantum technology relies greatly on the ability to 

prepare specific quantum states

• This is done by passing known states through quantum logic gate 

sequences

• Preparation process is prone to errors due to experimental nature

• We require a means of testing the accuracy of the process
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Why? What has been done?

• Task: Distinguish equator states, defined by, 

𝛙 =
𝟏

𝟐
(|𝟎⟩ + 𝐞𝐢𝝋|𝟏⟩), where 𝛉 =

𝛑

𝟐

• Convenient state space because:

• σ𝑧 measurements don’t help → reduce relevant Pauli 

measurements set to {σx, σy}

• prior is the same for all states

Figure of merit for distinguishing equator states: Ratio, R, between 

probability densities of lab state ψ1 and comparison state ψ2 ,

𝐑 =
𝐏 𝛙𝟏

𝐏 𝛙𝟐• For analysis, we

• define 𝑛𝑖 to be the expectation value of outcome 𝑖 :

𝐧𝐢 = 𝐩𝐢𝐧𝐈 where 𝐈 = {𝐱, 𝐲}

• fix total number of measurements 𝐌 = 𝐧𝐱 + 𝐧𝐲

• We have built a framework which takes in different Pauli 

measurement data from a single-qubit quantum state and outputs a 

probability density distribution which localises the state

• We are investigating whether combining measurements from 

different Pauli observables improve state discrimination analytically 

and numerically (with pseudo data)

• Interesting future paths to explore:

• Generalisability

• Test framework against current conventional estimation 

methods

• How the framework will perform under adaptive measurements 

• Quantum State Tomography – recovers the complete description 

of a state; resources scale exponentially with system size [1] 

• Trace Distance and Uhlmann Fidelity – distance metrics which 

characterise the closeness of states; requires computation of 

density matrices using quantum state tomography [2]

Aim: Investigate whether a Bayesian inference based method  

can output a probabilistic measure indicative of state fidelity

• Probabilities of outcomes: Born’s rule

𝜎𝑥 =
0 1
1 0

{ ⟩|+ , ⟩|− }
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1 0
0 −1

𝜎𝑦 =
0 −𝑖
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{ ⟩|𝑅 , ⟩|𝐿 }

{ ⟩|0 , ⟩|1 }

𝐏 |𝝆 𝐃 = 𝐍𝐏 |𝐃 𝝆 𝐏 𝝆

(Haar measure)

𝐏 𝑫|𝝆 =ෑ

𝒊

𝐩𝐢
𝐧𝐢

• Single qubit pure states 𝛙 = 𝐜𝐨𝐬
𝛉

𝟐
⟩|𝟎 + 𝐞𝐢𝝋 𝐬𝐢𝐧

𝛉

𝟐
⟩|𝟏

• Pauli measurements made on states:

• For a given dataset, 𝐷, the probability that we have some state, 𝜌, 

can be found through Bayesian inference:
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Figure 7: y-z plane projection of 𝐏 |𝝆 𝐃 at 

x = 0.5 for state r, θ, φ = (0.5,
𝜋

2
, 0)

Figure 8: x-y plane projection of 𝐏 |𝝆 𝐃 at 

z = 0 for state r, θ, φ = (0.5,
𝜋

2
, 0)

Figure 2: 𝐏 |𝝆 𝐃 for 100x 

measurements for state 

θ =
𝜋

2
, φ = 0.1π

Figure 3: 𝐏 |𝝆 𝐃 for 100y 

measurements for state

θ =
𝜋

2
, φ = 0.1π

Figure 5: Distinguishability, 𝑅, against 

changing no. x-y measurements for 

states φ1 = 0, φ2 = 0.05π

Figure 6: Distinguishability, 𝑅, against 

changing no. x-y measurements for 

states φ1 = 0, φ2 = 0.1π

Figure 1: Bloch sphere
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Result:

Maximum y-measurements can better distinguish ⟩|+ from 

close-by states 

Are there states where combining different Pauli 

measurements give better distinguishability?
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• We have built a framework which takes in data from different Pauli 

measurements of a single-qubit quantum state and outputs a 

probability density distribution which localises the state

• We are investigating whether combining measurements from 

different Pauli observables improve state discrimination analytically 

and numerically (with pseudo data)

• Interesting future paths to explore:

• Generalisability

• Test framework against current conventional estimation 

methods

• How the framework will perform under adaptive measurements 
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5. Conclusions and Outlook

Figure 4: 𝐏 |𝝆 𝐃 for 100z 

measurements for state
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