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Many Curious Roads of A — Patching 120 Zeroes with Modified
Gravity

Modern fundamental physics has been an extremely successful field. General relativity (GR) and
quantum field theory (QFT), which underlie our understanding of the physical world, are both
astonishingly accurate theories [1], sometimes matching experimental results by more than 10
significant figures [2] — a truly amazing achievement. But you see, success in physics is boring.
It indicates that there’s nothing new, that progress has gone stale. And we don’t like that.

So let’s talk about failure instead. In this case, a very big one.

120 Zeroes

The cosmos is vast, and gravity dominates at large scales. So to model the cosmos, we use GR:

8nG
Gpv + /\9 uv — CTTHV (1)

Guv, the Einstein tensor, describes the curvature of spacetime. T, the stress-energy tensor, is
essentially a generalized version of mass. Ignoring the Ag,. in the middle, this gives us a clear
picture of gravity: mass decides how spacetime curves and spacetime decides how mass moves.

Ag,~ is a special extra term. It was observed in 1998 that the universe is expanding at an
ever-increasing rate, and GR doesn’t have a solution that can explain this phenomenon. Ag
was thus artificially added to (1), as the resulting modified equation can indeed produce a
universe with accelerating expansion, provided that A is a positive and very small constant.

A is known as the cosmological constant, and it remains the simplest and most effective way
to model cosmic acceleration. And it is indeed very small' [3]:

A ~107%° eV2 (in natural units). (2)

But what is the physical meaning of A? We observe that A directly multiplies g,, which
is the metric tensor that describes spacetime itself. Therefore, A should represent an intrinsic
characteristic of spacetime that can somehow cause cosmic acceleration. There is a great
candidate for this: vacuum energy.

In QFT, vacuum isn’t empty; it is filled with quantized fields, such as electromagnetic field and
the Higgs field?, each of which has a zero-point energy, not unlike the non-zero ground state

1We only quote the order of magnitude here, since it suffices for the discussion, and calculating A precisely requires
the Hubble constant which has a serious crisis itself.
2Every field in QFT corresponds to a known particle in the standard model. In fact particles are just excitations of
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energy of a quantum harmonic oscillator. This energy has negative pressure, creating a repulsive
gravitational field, causing the universe to expand. And since this energy has constant density,
being a property of vacuum, the more the universe expands, the greater amount of this energy
there is, and the faster the universe expands. Bingo.

So, a reasonable conclusion is that A is vacuum energy, and we should be able to predict A this
way. From QFT, we have [4]
A~10%3 eV? 3

Hmm.

Notice something wrong?

This, compared with (2), is (roughly speaking) 120 orders of magnitude too big.
Oops.

This is the cosmological constant problem, and is often described [5] as “the biggest problem
in fundamental physics.”

Sounds terrible, doesn’t it? Well, for physicists, it’s Christmas. Big failure often signals that new
physics is on the horizon. And nothing is more exciting than that.

Taylor expanding gravity

Undeniably, the cosmological constant problem reveals that our understanding of both gravity
and quantum physics is flawed. Solving the problem probably requires advancements on both
fronts, or even better, a theory of quantum gravity. Meanwhile, many do believe that we can still
make significant progress on this problem by considering a group of theories called modified
gravity, which simply modify GR but remain classical.

Why? The answer is one of both logic and pragmatism. On one hand, nobody knows what
quantum gravity looks like; proposals exist but so far none works. On the other hand, GR already
has a potential problem: it’s not very stringently tested at very large scales [6], exactly where the
cosmological constant problem arises. This leaves room for modification of GR, and many hope
that such modifications can indeed eliminate those 120 troublesome zeroes.

How, then, do we modify GR? Let’s first look at something we are all familiar with: Taylor
expansion. We often use concatinated Taylor series to approximate functions. For example,
sinx = x —x3/31 +x°/5! —x” /7! 4+ --.. When |x| < 1, first-order approximation is enough:

fields, so you can basically think of them as the same thing, and we can talk about properties like the spin and
mass of a field just like the spin and mass of a particle. For example, the Higgs field corresponds to the Higgs
boson, and you can describe both as massive and spin-0.
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sinx &~ x. As |x| becomes larger, we add higher-order terms so that the approximation remains
precise.

The spirit of modified gravity is much the same. Here we’re concerned with action, a variable
which encodes all the information about a physical system and from which the whole theory can
be derived through the principle of stationary action®. The action for GR looks like this (knowing
its appearance is sufficient for this discussion; don’t worry about the math):

_

SZK

Jd4x\/ng, )

where k = 8nG and g is the determinant of g .

8 only contains the first order of R, the Ricci scalar, a quantity relating to spacetime curvature. We
can then think of § as a first-order approximation of an unknown, “complete” theory of gravity,
akin to what x is to sin x in the above example, and go on to modify GR by throwing in extra
terms:

SModiﬁed = i Jd4X \/jg (R + 1:extra) . (5)
What is slightly different from the Taylor expansion analogy is that fexa may or may not be a
function of R, unlike the expansion of sin x, but it is still constrained to follow the symmetries we
need from the theory. The hope is then that 8yogifieq T€SUlts in something that better approximates
the “complete” theory, thereby giving us additional insights to gravity that might just solve the
cosmological constant problem?.

This is a fascinating area of research, filled with wild imaginations and challenges, with the
prospect of addressing one of the most important physics problems of all. So, let’s dive in and
have a tour, shall we?

Going around the solar system’s precision cut

Physics is an experimental science, and no physics theory can be accepted if they don’t agree with
what we observe. For modified gravity theories, this means that they all face a stringent test right
off the bat: the solar system.

3This is very similar to how we find stationary points of a curve and basically means &(action) = 0, where 5 means a
small change. As an example, in GR we can recover equation (1), without the A term, by requiring 8 = 0. Read
ahead to see S.

“Theories constructed with this method are often called effective field theories (EFT), as they can only effectively
describe the phenomenon in question under certain conditions, much like the |x| < 1 condition in the Taylor
expansion analogy. GR itself is (probably) an EFT. Perhaps a better analogy is the heat equation, which effectively
describes heat transfer macroscopically but fails as soon as we look at the motion of individual particles microscopi-
cally. Likewise, modified gravity theories are effective up to a certain energy/length scale, so they may fail when
we concern regimes of very high energy, such as the beginning of the universe.
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GR describes the solar system with extremely high precision [7]. Consequently, any modification
to the behavior of gravity that any theory makes must be highly suppressed within the solar
system.

This is the bottomline for all modified gravity theories. Going one step further, this is actually
where modified gravity starts: these theories are designed, from the outset, to reduce to GR in the
solar system (as opposed to, say, writing down any arbitrary theory and hoping that it happens
to reduce to GR in the solar system). Meaning, all modified gravity theories have screening
mechanisms built into them [8], which allow these theories to deviate significantly from GR
at large scales, giving them the potential to address the cosmological constant problem, and
suppress such deviation to tiny values in the solar system.

The crucial task for these theories is therefore to have sensible screening mechanisms. And it’s
not actually that hard to imagine how such mechanisms might work. Remember that cosmic
acceleration is the behavior of the entire universe, and compared to the cosmic average, the solar
system has:

* much greater local gravitational potential, or |/,
* much greater local gravitational acceleration, or |[V®|,
« and much higher local spacetime curvature, or |[VZ®|.

Modified gravity theories are thus designed to screen their effect based on one of these three
quantities. In other words, their deviation from GR vanishes when one of |®|, [V®|, and [V2®| is
greater than a certain threshold value®.

We can thus classify modified gravity based on their screening mechanisms, and look at each in
detail.

Screening by |®| One of the representative ideas under this class is the chameleon mechanism.
It introduces an additional scalar field to the action, and the mass of the scalar field is positively
related to the local mass density of a region [9, 10]. This scalar field mediates an additional,
“fifth” force®.

How does this work? In regions of high mass density, such as in the solar system, the scalar
field has a large mass; consequently it mediates a short-range force (meaning that the force
dies off very quickly over a short distance) and thus has little observable effect. In regions of
low mass density, such as the majority of the universe, the scalar field has a small mass, and

5You might infer, quite reasonably, that we can also use the value of |[V3®|, or even higher-order derivatives of @, as
a screening mechanism. It turns out, however, that all such theories create “ghosts” that cause the entire theory to
break down, and are thus forbidden.

6A scalar field corresponds to a spin-0 particle, which a boson that can act as a force carrier.
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mediates a long-range force’, and this large-scale behavior may be what is needed to address

cosmic acceleration [9, 10].

The chameleon mechanism introduces an effective potential, V,g, felt by the scalar field, com-
prised of a decreasing potential V(¢ ) which is intrinsic to the theory and an increasing potential
A(®) p, where p is the local mass density, which results from the relationship between the scalar
field and local mass density, as shown in Figure 1. Here ¢ is the scalar field. The square of the
mass of the scalar field is given by the second-order derivative of Vg, and it is obvious from
Figure 1 that the mass of the scalar field is larger in regions of higher mass density.
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Figure 1: Effective potential for the chameleon mechanism. The decreasing dotted line is V(¢),
and the increasing dotted line is A(d) p, which can be well approximated by a linear function of
¢ and is drawn as such. A greater local mass density results in a steeper A(¢) p, leading to a
greater mass of the scalar field. Reproduced from [8] with permission.

One of the most interesting theories to exhibit this mechanism is f(R) gravity. Using equation
(5), f(R) gravity proposes that fexra is an arbitrary function of the Ricci scalar R: fexra = f(R),
hence the name. We can therefore understand f(R) gravity as modifying GR by adding higher
orders of curvature to the theory. The scalar field fr and its mass m(fg) are given by [11]

df(R 1(1+F
fr = %a mz(fR) = 3 <deR —R> . 6)
dR

We can then introduce the chameleon mechanism in f(R) gravity by carefully choosing the form
of f(R). Indeed, f(R) gravity even has the potential to solve other problems, such as inflation
[12], by constructing a suitable f.

’As another example of the relationship between the range of a force and the mass of the mediating particle,
electromagnetic interaction, mediated by massless photons, has infinite range, whereas weak interaction, mediated
by heavy W and Z bosons, acts at very small distances.
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Other ideas and theories exist under this class, but they all share a similar basic principle. And
they also face the same problem: this “fifth” force has limited range, and it turns out that it
can’t really reach the cosmological scale. One crucial, and perhaps fatal, consequence is that this
essentially means this class of modified gravity theories produce predictions regarding cosmic
expansion that are identical to GR, and they too face the same limitation of needing a A artificially
added to them in order to address the cosmic acceleration, so they aren’t actually valid solutions
to the cosmological constant problem [13].

This may sound a bit disappointing, but such is the reality of exploring uncharted territories.
More importantly, however, these theories aren’t without merit, as they can still prove to be
valuable in helping us understand other unsolved problems of the universe, as is already the case
with f(R) gravity.

Of course, other modified gravity theories exist, and they also bring their own exciting stories
and reality-checks.

Screening by higher-order terms: |V®| and [V2®| Higher-order screening mechanisms are
much more complicated in terms of both their principle ideas and the actual mathematics.
Broadly speaking, there are two classes of such mechanisms: kinetic screening, and the Vainshtein
mechanism. To give a simple example of how they work, under these mechanisms, a point mass
source produces a “fifth” force through a scalar field that behaves just like gravity sufficiently
far away from the source, exhibiting the familiar inverse-square law, but is suppressed near the
source, as shown in Figure 2. This ensures that theories employing one of these mechanisms
conform to solar system observations.

F

r

i %

Figure 2: Comparison between the “fifth” force mediated by the scalar field and gravity from a
point source when higher-order screening is in effect. Here the dotted line is gravity, the solid
line is the fifth force, r is the distance away from the point source, and r, is the characteristic
length scale. Reproduced from [8] with permission.
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One particular theory, called massive gravity, stands out in this class. It has a very intriguing
proposal: gravitons (the spin-2 boson that mediates gravity) have non-zero mass (hence the
name), or equivalently, gravitational waves travel at less than the speed of light, which is in direct
contradiction with GR. Thus in massive gravity, the scalar field that produces the “fifth” force
is effectively absorbed into gravity itself, manifesting as the mass of graviton. Massive gravity
exhibits the Vainshtein mechanism.

Traditionally massive gravity has suffered from “ghost”, as a massive graviton has a total of six
degrees of freedom while the theory only permits five, and the additional degree of freedom,
which is the ghost in question, always causes disaster [14]. In 2010, however, a fully ghost-free
massive gravity theory, now known as dRGT massive gravity®, was constructed [15, 16] which
allows us to have a better look at its cosmological effect. It turns out that massive gravity has
enormous potential, as it can address the cosmological constant problem by accomplishing these
two things at once:

* degravitating A, meaning that vacuum energy doesn’t contribute to cosmic acceleration at
all,

* and producing self-accelerating solutions [17] (at least under a suitable approximation®),
meaning that there is an alternative source that is inherent to the theory, which in this case
is the mass of graviton, that causes cosmic acceleration.

The advantage of tackling the cosmological constant problem this way is that it is much more
natural approach in a physical sense. The conventional approach is to try to figure out how
vacuum energy is 120 orders of magnitude smaller than what we anticipate from QFT, and this
can end up being an enormous degree of fine-tuning, whereas this approach accepts that vacuum
energy is large and instead argues that it simply doesn’t gravitate. The fact that massive gravity
gives self-accelerating solutions also avoids the problem of having to manually add a A term
into the theory, as cosmic acceleration in this case is naturally generated from the fundamental
principle of the theory itself.

Massive gravity thus has a very ambitious and exciting prospect; the catch, of course, lies in its
underlying assumption that graviton is actually massive. LIGO has already successfully detected
gravitational waves [18] and measurements of the speed of gravitational wave put an upper
bound to the mass of graviton [19], which is

m<7.7x 10723 eV/c?, 7

an extremely small value. Although technically this doesn’t disprove massive gravity, it still puts

80ne of the authors, Professor Claudia de Rham, works in the Department of Physics at Imperial College London.
She is one of the main contributors to the recent development of massive gravity.
“We need Mp; — oo, m — 0, and (Mpm?)'/3 fixed. Here My, is the Planck mass and m is the graviton mass.
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it under a very tight constraint.

And this really brings us to the other side of the story of modified gravity: as we've stated, these
theories are designed to agree with solar system observations, which are of course significant and
provide a great starting point, but this by no means give us the complete picture. Indeed, if any
of them is to replace GR and be accepted as a better theory of gravity that can answer, or at least
provide insight to the cosmological constant problem, it needs to pass tests at all scales, from
laboratory tests to cosmological observations, and everything in between.

It is the best of times

On that note, the limit on grativon mass given by gravitational waves is very much representative
of the current state of observational verification of modified gravity: all these theories are
subjected to very tight constraints. Many other existing observations, including measurements
of the cosmic microwave background by the Planck telescope, characteristics of Cepheids'® and
red giants, observations of dwarf galaxies and supernovae, testing of the Weak Equivalence
Principle!! in satellite orbit, among many others, have either constrained parameters of modified
gravity theories down to narrow regions, or concluded that there is insufficient evidence to favor
any modified gravity theory over general relativity, which therefore remains our best model for
the universe [3, 8, 20].

This is far from the end of the story, however. Current cosmological tests, despite in good
agreement with GR and suggesting no evidence for modified gravity, introduce additional
assumptions about the characteristics of the universe that may yet still be proven wrong [5].
Additionally, future tests of gravity, such as the LISA mission for observing black holes [21]
and the BepiColombo mission for studying Mercury [22], will test gravity at unprecedented
accuracy and thus have a chance of revealing small deviations from GR that have evaded current
observations. And above all these, the cosmological constant problem remains unsolved, and
modified gravity is still one of the few roads ahead.

All eyes on the future then. Indeed, modified gravity has always been an exciting field of research,
and there can only be even more enthusiasm looking at the progress we can have. Of course,
no one knows where the future leads. Maybe one of the observations yields a brilliant piece of
evidence that validates one modified gravity theory, opening up a brand new world of discovery;
maybe all the observations end up supporting GR even more, and we have to give up on modified
gravity and look for other alternatives. One thing is certain, however: whether it is success or

10 A

"magine you are trapped in a closed elevator floating in space and you feel you are pressed against the floor. This
principle states that there is no way of telling whether that is due to the elevator being in a gravitational field or
the elevator accelerating.
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failure that awaits us, it will be a good thing. After all, at the frontier of physics, we love failure

as much as success, and regardless of the eventual outcome, modified gravity will point us to

a better path toward the eventual resolution of the cosmological constant problem and other

unsolved mysteries and continue challenging and advancing our understanding of the universe.
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